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In this Thesis, we treat the problem of the existence of generic perturbations of the
regular and singular state in higher-order gravity in cases of vacuum and radiation
models that derives from the lagrangian R+ ǫR2. We show that there is a regular
state of the theory in vacuum in the form of a formal series expansion having
the same number of free functions as those required for a general solution of the
theory, while this is not true for the case of radiation. This means that there exists
an open set in the space of analytic initial data of the theory in vacuum that leads
to a regular solution having the correct number of free functions to qualify as a
general solution. Further, we show that a singular state of the theory in vacuum
cannot be admitted, while in the case of radiation we obtain a particular solution.
To achieve this, we need to develop a number of results in various directions.
We prove that there exists a first-order formulation of the theory with the Cauchy-
Kovalevskaya property. This formulation of the quadratic theory R+ ǫR2 evolves
an initial data set (M, γαβ, Kαβ, Dαβ,Wαβ) (plus energy density ρ and velocities
uα for the radiation case), through a set of four evolution equations and two
constraint equations to build the time development (V, g). We then prove that
if we start with an initial data set in which the metric has the asymptotic form
(regular or singular) and evolve, then we can build an asymptotic development in
the form of a formal series expansion which satisfies the evolution and constraint
equations and has the same number of free functions as those of a general solution
of the theory in vacuum, with less free functions for the case of radiation. In other
words, we show that regularity is a generic feature of the R+ǫR2 theory in vacuum
under the assumption of analyticity, but this cannot happen for generic radiation
models.
ΠΑΝΕΠΙΣΤΗΜΙΟ ΑΙΓΑΙΟΥ
Τμήμα Μηχανικών Πληροφοριακών και Επικοινωνιακών Συστημάτων
Περίληψη
Διδακτορικής διατριβής
Το τυπικό ανάπτυγμα της αναλυτικής τροποποιημένης
βαρύτητας
ΔΗΜΗΤΡΙΟΥ ΤΡΑΧΙΛΗ
Σε αυτή την εργασία πραγματευόμαστε το πρόβλημα της ύπαρξης των γενικών
διαταραχών της ομαλής και ιδιόμορφης κατάστασης σε υψvηλότερης τάξης θεωρίας
βαρύτητας, στην περίπτωση του κενού και του μοντέλου ακτινοβολίας, το οποίο
παράγεται από την λαγκρατζιανή R+ǫR2. Δείχνουμε ότι υπάρχει μία ομαλή κατάστα-
ση της θεωρίας στο κενό υπό τη μορφή σειρών, έχοντας τον ίδιο αριθμό ελεύθερων
συναρτήσεων με εκείνες που απαιτούνται από τη γενική λύση της θεωρίας και το οποίο
δεν είναι αληθές για την περίπτωση της ακτινοβολίας. Αυτό σημαίνει ότι υπάρχει ένα
ανοιχτό σύνολο αναλυτικών αρχικών δεδομένων της θεωρίας στο κενό το οποίο
οδηγεί σε ομαλή λύση έχοντας τον σωστό αριθμό ελεύθερων συναρτήσεων έτσι
ώστε αυτή να περιγραφεί ως γενική λύση. Επιπλέον, δείχνουμε ότι μία ιδιόμορφη
κατάσταση της θεωρίας στο κενό δε μπορεί να γίνει αποδεκτή, καθώς στην περίπτωση
της ακτινοβολίας οδηγεί σε ειδική λύση.
Για να το πετύχουμε αυτό, χρειαζόμαστε να παρουσιάσουμε έναν αριθμό αποτε-
λεσμάτων σε ποικίλες κατευθύνσεις. Αποδεικνύουμε ότι υπάρχει μία πρώτης τάξης
μοντελοποίηση της θεωρίας με την ιδιότητα Cauchy-Kovalevskaya. Αυτή η μον-
τελοποίηση της τετραγωνικής θεωρίας R + ǫR2 εξελίσσει ένα σύνολο αρχικών δε-
δομένων (M, γαβ, Kαβ, Dαβ,Wαβ) (καθώς και την πυκνότητα ενέργειας ρ και τις
ταχύτητες uα στην περίπτωση της ακτινοβολίας), δια μέσου ενός συνόλου τεσσάρων
εξισώσεων εξέλιξης και δύο εξισώσεων δεσμών για να κατασκευάσει τη χρονική
εξέλιξη (V, g). ΄Επειτα αποδεικνύουμε ότι αν ξεκινήσουμε με ένα σύνολο αρχικών
δεδομένων, στο οποίο η μετρική έχει ασυμπτωτική μορφή (ομαλή ή ιδιόμορφη) και
αναπτύξουμε, τότε μπορούμε να κατασκευάσουμε μία ασυμπτωτική εξέλιξη υπό τη
μορφή σειρών η οποία ικανοποιεί τις εξισώσεις εξέλιξης και τις εξισώσεις δεσμών και
περιέχει τον ίδιο αριθμό ελεύθερων συναρτήσεων όπως εκείνων της γενικής λύσης
της θεωρίας στο κενό, και λιγότερες ελεύθερες συναρτήσεις για την περίπτωση της
ακτινοβολίας. Με άλλα λόγια, δείχνουμε ότι η ομαλότητα είναι ένα τυπικό χαρακ-
τηριστικό της θεωρίας R + ǫR2 στο κενό με την υπόθεση της αναλυτικότητας, κάτι
τέτοιο εν τούτις παραβιάζεται σε τυπικά μοντέλα ακτινοβολίας.
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Chapter 1
Introduction
Since 1998 with the discovery of the acceleration of the universe through obser-
vations of type Ia supernovae [1–9], according to WMAP and PLANCK, approxi-
mately 77% of its energy content is in an invisible and unclustered form called dark
energy. So far, in order to explain this cosmic acceleration three main classes of
models have been proposed. The first is the cosmological constant Λ, the simplest
possible form of dark energy, as it is constant both in space and time and leads to
the standard Λ-CDM (Lambda cold dark matter) model of cosmology that pro-
vides a good account of the acceleration of the universe [10, 11] and [12], Chap.
1. The second one is the dark energy, in which the fluid satisfies the equation of
state: p ≈ −ρ, where p, ρ are the pressure and the energy density, respectively
[13–19]. Finally, the third class of models is the higher-order or modified f(R)
gravity [20–42], where f(R) is a nonlinear function of the scalar curvature, with
which we shall deal extensively below.
Many works focused on the cosmological implications of higher-order f(R)
gravity since such models may give an alternative explanation and study of the
acceleration effects observed in cosmology [43–47]. In particular, we shall focus on
quadratic,
f(R) = R + ǫR2, (1.1)
gravity theories, which were concieved as a mathematical alternative to Einstein’s
theory [48].
The field equations following from (1.1) are of fourth-order, owing to the
fact that they contain derivatives up to the fourth-order of the components of the
metric gij with respect to the space-time coordinates [49, 50]. Specifically, the term
R2 is responsible for the fourth-order character of the field equations, while the
Einstein-Hilbert term R contains derivatives up to the second-order. Therefore,
1
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the theory of general relativity consitutes the simplest choice of the higher-order
gravity theories, and corresponds to the simplest choice of the coefficient ǫ in
(1.1), ǫ = 0. Consequently, these two cosmological theories do not share the same
geometric degrees of freedom. In particular, in comparison with general relativity,
higher-order gravity theory has additional degrees of freedom.
A concern which arises with f(R) gravity theory is associated with the cor-
responding initial value or Cauchy problem. A surface Mt is said to be a Cauchy
surface if every point of space-time is in the domain of dependence of Mt ([51],
Chap. 5). More precisely, the existence of a Cauchy surface ensures that there is a
single slice of space-time such that information on that slice suffices to completely
determine the physics throughout the entire space-time. Starting from an as-
signment of suitable Cauchy data on a Cauchy surface, the subsequent dynamical
evolution of the system must be uniquely determined. Then, the initial value prob-
lem is well-formulated. For instance, electromagnetism is a well-formulated field
theory. Nevertheless, sometimes a well-formulated theory may not be adequate
concerning its stability properties. It is important for the study of any theory to
know if it is predictive in the sense that small perturbations in the initial data lead
to small perturbations in the dynamics over all the space-time [52]. This means
that the structure of the theory must not be affected by small perturbations of
the initial data. In the case that a problem is well-formulated and also preserves
the causal structure of the theory we say it is well-posed [53, 54].
In general relativity, the Cauchy problem has intensively analysed [55], Chap.
V and [56], Chap. 30. However, in the case of scalar-tensor theories, the Cauchy
problem has not been analysed with the same degree of completeness. In [57],
it was shown that any scalar-tensor theory corresponds to a higher-order gravity
theory, and this fact was exploited so that the initial value problem can be studied.
In f(R) gravity, the choice of coordinates is decisive in order to infer whether the
theory is well-formulated and possibly well-posed. For example, in [58] through
harmonic coordinates, the initial value problem of general relativity is proven to be
well-posed. This means that general relativity is a stable theory. Further, in the
same paper, the study of higher-order derivative gravity leads to the fact that this
theory also has a well-posed initial value problem formulation. However, using
(1.1) in vacuum, one can perform a conformal transformation [21, 59–62], and
prove that the solutions in higher-order gravity reduce to solutions of Einstein’s
theory with a minimally coupled scalar field φ with self-interaction potential V (φ),
where the de Sitter solution corresponds to a local extremum of V (φ) at φ = 0.
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But, in doing so, the two theories can not be considered as quantitavely the same.
Besides, the degrees of freedom of these two theories are not the same and, for this
reason, according to [58]: ‘the initial value problem can be shown to be qualitatively
the same as that of the conformally coupled scalar field ’.
In this Thesis, the goal is to find the behaviour of the solutions of the field
equations in higher-order R+ ǫR2 gravity theory by using formal series expansions
of the metric gij. Prior to anything else, in order to study this behavior, we shall
employ a synchronous reference system, in which the metric necessarily satisfies
the conditions [63, 64]:
g00 = 1, (1.2)
and,
g0α = 0. (1.3)
Hence, according to the (3 + 1)-decomposition [65, 66], the line element is given
by the expression,
ds2 = dt2 + gαβdx
αdxβ
= dt2 − γαβdxαdxβ. (1.4)
It is worth noting that in a synchronous reference frame the four-vector
ui = (dt/ds, dxα/ds), (1.5)
tangent to the world lines xα = constant, has components
u0 = 1, uα = 0. (1.6)
Therefore, the timelines are geodesics in the four dimensional spacetime and the
four-vector ui satisfies the geodesic equations:
dui
ds
+ Γijku
juk = 0. (1.7)
Based on the method of Landau-Lifshitz (see [67], Chap. 11,14), we are interested
in the forms,
γαβ = (γαβ)
(0) + t(γαβ)
(1) + t2(γαβ)
(2) + · · · (1.8)
and,
γαβ = t(γαβ)
(1) + t2(γαβ)
(2) + · · · (1.9)
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where the (γαβ)
(n), n = 0, 1, 2, ... are functions of the space coordinates. These two
forms of the 3-metric γαβ are the simplest ones that we could consider. In fact,
they also occur in solutions of the Friedmann equations both in general relativity
and higher-order gravity in vacuum as well as in the presence of radiation as we will
see extensively in Chapter 4. In particular, the exact solutions of the Friedmann
equations in cases of vacuum and radiation for all values of the constant curvature
k (k = −1, 0,+1) serve as a motivation for the form of the 3-metric γαβ. The
solution in empty space, where the pressure p and the energy density ρ are set
equal to zero, corresponds to the form (1.8), while the solution in case of radiation,
in which we have p = ρ/3, corresponds to the form (1.9).
There are many works which use these two forms or similar forms of the
3-metric and study assorted properties about the behaviour of the geometric so-
lutions of the field equations. In [68], there is a study of the arbitrary functions
included in the solution of the Einstein’s equations in the case that space is filled
with matter with the equation of state p = ρ/3. It is shown that the solution has
five less degrees of freedom compared with the general solution of the problem (see
also [69, 70]). Because of our interest in radiation models of higher-order gravity,
we give some details of this result in Appendix B.
According to the standard cosmological model, a natural equation of state
for the matter near the cosmological singularity is that of radiation. However,
taking into consideration the development of the inflationary cosmological models
[71–77], as well as the appearance of brane and M theory cosmological models
[78, 79], one realizes that matter plays different roles in different stages of cos-
mological evolution and thus, the equation of state can assume different types.
For this reason, in [80] a generalization of the quasi-isotropic solution of the Ein-
stein equations near cosmological singularity found by Lifshitz and Khalatnikov
in 1960 for the case of the radiation-dominated Universe, was proposed through
an expression of the spatial metric of the form,
γαβ = t
m(γαβ)
(m) + tn(γαβ)
(n), m < n, (1.10)
with fluid matter with equation of state p = kρ.
In [81], there is an analysis concerning the quasi-isotropic inhomogeneous
solution of the Einstein equations near a cosmological singularity in the form of
a series expansion in the synchronous reference system in the case of a two-fluid
cosmological model. The inhomogeneous quasi-isotropic solution for the spatial
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metric is represented as,
γαβ =
∑
n,m=0
γ
(n,m)
αβ t
2γ0+n(2−2γ0)+m(2−γ0α1), (1.11)
where,
α1 = 3(1 + k1), (1.12)
γ0 =
2
3(1 + k2)
, (1.13)
with the equations of state pl = klρl, l = 1, 2 of the two barotropic fluids.
In [82], using the synchronous system of reference details are given about
the general solution of the Einstein equations with a Λ term. It is shown that the
general solution asymptotically approaches de Sitter spacetime. In order to prove
this result, the relation which is used is,
γαβ = exp(2Ht)hαβ , (1.14)
where,
hαβ = aαβ +
∞∑
n=1
b
(n)
αβ exp(−nHt), (1.15)
where H depends on the spatial coordinates xα (see also [83, 84]).
In [85], there is a study of the general solution of the Einstein equations near
a future sudden singularity [86, 87], in the case that the pressure p and the energy
density ρ are not connected with an equation of state of the form p = f(ρ), while
the scale factor has the form,
a(t) = 1 +Btq + C(ts − t)n, (1.16)
where B > 0, q > 0, n > 0 and C are free constants and 0 < t < ts. Setting
a(0) = 0, the scale factor becomes,
a(t) = 1 + (
t
ts
)q(as − 1)− (1− t
ts
)n, (1.17)
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where as ≡ a(ts) (see also [88–90]). Taking into account the reduction of the
Einstein equations,
3H2 = ρ− 3k
a2
,
ρ˙+ 3H(ρ+ p) = 0,
a¨
a
= −ρ+ 3p
6
, (1.18)
where H = a˙/a is the Hubble parameter, and restricting 1 < n < 2 and 0 < q ≤ 1,
then for t→ ts we have that the solution (1.17) satisfies,
a→ as(finite), H → Hs(finite) and ρ→ ρs(finite) > 0, (1.19)
with
p→∞. (1.20)
Using (1.4) and the linear asymptotic form of the solution (1.17), namely,
a(t) = as + q(1− as)(1− t
ts
), (1.21)
the general series expansion is,
γαβ = aαβ + tbαβ + t
ncαβ + · · · (1.22)
(having also considered a further change of the time coordinate in order to place
the future sudden singularity at t = 0). From the series representation of the
extrinsic curvature,
Kαβ = ∂tγαβ, (1.23)
we may then obtain series expansions of the components of the Ricci tensors,
R00 = −
1
2
∂tK − 1
4
KβαK
α
β , (1.24)
R0α =
1
2
(∇βKβα −∇αK) , (1.25)
Rβα = −P βα −
1
4
KKβα , (1.26)
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where P βα is the Ricci tensor associated with γαβ. Taking into consideration the
relations (1.2) and (1.3), the Einstein equations,
Rij −
1
2
δijR = 8πT
i
j , (1.27)
where,
T ij = 8π[(ρ+ p)u
iuj − pδij ], (1.28)
lead to 13 independent functions. Subtracting the 4 coordinates covariances, there
remain 9 independent arbitrary functions of the three space coordinates on each
surface of constant time. This solution is quasi-isotropic and corresponds to a
general solution of the problem as required by the structure of the initial value
problem. In particular, one expects there will be 12 data from gαβ and its time
derivative, plus 3 free velocity components uα, plus 2 from the pressure p and the
energy density ρ, giving a total 17 independent data. However, due to the four
constraint equations and the four diffeomorphism transformations, the number of
the arbitrary functions is finally equal to 9.
Ever since the fundamental realization that Einstein’s equations can be
equivalently studied as a geometric, nonlinear system of evolution equations with
constraints, there has been a considerable stream of problems in general relativ-
ity of a classical dynamical nature crucially depending on the notion of evolution
from prescribed initial data (cf. [91] and references therein). In particular, for
the cosmological case, at least since the pioneering investigations of Lifshitz and
Khalatnikov in relativistic cosmology [68], perturbative approaches to the question
of genericity of cosmological solutions constructed asymptotically from given ini-
tial data, have been advanced in various directions in general cosmological theory.
This was the way to prove the existence of vacuum, regular cosmological solutions
in general relativity having the required number to qualify as general ones, and
also the non existence of a general singular, radiation solution in the same context,
cf. [67, 68], eventually leading to the realization that the initial state was of a more
complex nature [63, 64, 92]. These first results were based on an approximation
technique that consisted of several steps, writing down a suitable expansion of the
metric, substituting it to the field equations, and counting the number of free (or
arbitrary) functions needed to make the whole scheme consistent.
The original perturbative approximation scheme mentioned above proved to
be especially fertile, and in fact it is being exploited in various directions ever
since. It was used by Starobinski to study solutions of the Einstein equations
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with a positive cosmological constant, especially with regard to the question of
the asymptotic stability of de Sitter space used in inflationary scenarios [93, 94].
The formal series expansions were in addition, used more recently in [80] to study
the genericity question in relativistic cosmologies with a general equation of state
p = wρ, where it was proved that, in order to be able to construct a general singular
solution initially, certain restrictions on the fluid parameter w are needed. Further,
the ‘ultrastiff’ case was recently considered in a more rigorous way using Fuchsian
techniques in Ref. [95]. Formal series where also used in [81] to study the more
involved problem of perturbing an FRW universe containing two suitable fluids,
and also in [85] where it was shown how to construct a sudden singularity with the
genericity properties of a general solution, a situation met previously only in the
‘no-hair’ behaviour of inflation. Extensions to certain higher-order gravity theories
have also been considered in a formal series context, especially in connection with
the stability of de Sitter space under generic perturbations in these theories, cf.
[82, 83].
It is interesting that the original approximation scheme of formal perturba-
tion series has been further refined and applied in various situations in cosmology,
cf. [83, 96, 97] and references therein. More recently, Rendall has put the original
formal series expansion techniques used by Starobinski [93] for the stability of de
Sitter space, in a more rigorous basis and was able to prove various interesting
theorems concerning function counting and formal series solutions of the Einstein
equations with a positive cosmological constant in an ‘initial value problem’ spirit,
cf. [98] (see also [84]).
In this Thesis, we are interested in the possible genericity of regular or singu-
lar solutions defined by formal series expansions in the context of vacuum as well
as radiation-dominated models in higher-order gravity derived from the analytic
lagrangian R + ǫR2 theory. In particular, we prove that the higher-order gravity
field equations in vacuum admit a unique solution in the form of a regular formal
power series expansion (1.8) which contains the right number of free functions
to qualify as a general solution of the system. This requires a careful function
counting technique, and for this purpose it is necessary to develop a formulation
of the theory as a system of evolution equations with constraints. However, if we
use singular formal series expansion of the form (1.9), the higher-order gravity
field equations in vacuum do not provide the right number of free functions that
correspond to the general solution.
Repeating this process for the higher-order field equations with radiation, we
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conclude that neither in the case of regular, nor in the case of a singular formal
power series expansion we obtain the right number of arbitrary functions in order
to characterize the solution as a general one.
A more detailed plan of this Thesis is as follows.
In Chapter 2, we use the ADM (Arnowitt-Deser-Misner) formalism as a step to
study the evolution problem of higher-order gravity theories in vacuum as well
as in the presence of a fluid. We exploit normal coordinates in which the spatial
coordinates move with the fluid while the time coordinate is the proper time along
the fluid world lines, and deal with the function-counting problem of the quadratic
theory in vacuum and the corresponding function-counting problem in presence
of a fluid. We split the field equations into constraints and evolution equations,
using a (3+1)-splitting formulation and find the exact number of the degrees of
freedom for the vacuum theory as well as the theory including a fluid.
In Chapter 3, we study the Cauchy-Kovalevskaya formulation of higher-order
gravity theory in vacuum as well as in the presence of a fluid. We subject the
higher-order gravity equations to the initial value problem of Cauchy as in the
case of general relativity. We further give the proof of the Cauchy-Kovalevskaya
property for both systems of evolution equations, and we state the conditions
under which the initial value problem has an analytic solution. We also discuss the
equivalence between general relativity plus a scalar field and higher-order gravity
theory in vacuum from this point of view.
In Chapter 4, we introduce the perturbative formulation of higher-order grav-
ity assuming a formal series representation of the spatial metric. We state the
Friedmann equations normal case letters of higher-order gravity theory and show
that the exact solutions for the scale factor a = a(t) of these equations in the
cases of vacuum and radiation remain the same with the corresponding solutions
in general relativity. We then develop the Landau-Lifschitz pertubative method
in the vicinity of a point that is regular in the time and in the vicinity of a point
that is singular in the time as well in this context.
In Chapter 5, we study the form of the solution of the gravitational field
equations of higher-order gravity in vacuum as well as in the case of radiation, in
the vicinity of a point that is regular in the time. We use the form (1.8) for the
3-metric and calculate the various quantities appearing in the higher-order field
equations in terms of the initial data (γαβ)
(n), n = 0, 1, 2, 3, 4. Then we study the
form of the solutions in vacuum and radiation. We also prove that the degrees
of freedom in both cases remain the same provided that the order of the regular
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3-metric becomes greater than 4. We further elaborate on the problem of choosing
the initial data amongst the initial functions in both cases.
In Chapter 6, we study the form of the solution of the gravitational field
equations of higher-order gravity in vacuum as well as in the case of radiation in
the vicinity of a point that is singular in the time. We present the higher-order
field equations by using the 3-metric (1.9), and we calculate the various quantities
of these equations in terms of the initial data. We prove that the form (1.9) cannot
be admitted as a solution of the higher-order gravity equations in vacuum. We also
find the form of the solution in the case of radiation and show that the degrees of
freedom in case of radiation remain the same if the order of the singular 3-metric
becomes greater than 4.
This Thesis has also two Appendices where we give information concerning
the concepts that we use in this work. In Appendix A, we give details regarding the
solution of the Einstein equations in cases of vacuum and radiation by using the
regular form (1.8). We prove that this form corresponds to the general solution of
the problem in case of vacuum, and in a particular solution in case of radiation. In
Appendix B, we also give details regarding the solution of the Einstein equations
in cases of vacuum and radiation by using the singular form (1.9). In particular,
we show that the singular form of the 3-metric does not give any kind of solution
in case of vacuum but is admitted as a particular solution in case of radiation.
Chapter 2
(3+1)-formulation of higher-order
gravity
In this Chapter, we introduce the ADM (Arnowitt-Deser-Misner) formalism as a
necessary first step to the evolution problem of cosmological asymptotics in higher-
order gravity theories in vacuum as well as in the presence of a fluid. In Section 2.1,
we exploit normal coordinates in which the spatial coordinates move with the fluid,
while the time coordinate is the proper time along the fluid world lines. In Section
2.2, we deal with the function-counting problem of the quadratic theory in vacuum.
After splitting the field equations into constraints and evolution equations, using
the (3+1)-splitting formulation, we find the exact number of the degrees of freedom
according to the vacuum theory. Finally, in Section 2.3, we introduce a fluid in the
quadratic theory, and repeat the function-counting procedure for this important
cosmic species.
2.1 The synchronous reference system
In the first part of this section, we introduce an orthonormal frame that will
allow us to view four-dimensional spacetime as a geometric object generated by
the time evolution of spatial 3-geometry (time-slice). This frame has important
consequences on the mathematical description of various geometric and physical
quantities of interest.
2.1.1 Minkowski normal coordinates
Let V be a connected, paracompact, Hausdorff and smooth manifold and gij a
Lorentzian metric of signature (+,−,−,−) on V. For a point p = (x0, x1, x2, x3)
11
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in V we denote by x1, x2, x3 the spatial coordinates, and by x0 = t the time
coordinate physically defined by an arbitrarily moving clock. The null cone in the
tangent space TpV of V at p is then given by,
(x0)2 − (x1)2 − (x2)2 − (x3)2 = 0. (2.1)
We call the coordinates x0, x1, x2, x3 Minkowski normal coordinates if in addition
to Eq. (2.1) the vector field ∂t is timelike and future-pointing.
2.1.2 Proper time interval
The spacetime interval ds between any two events with Minkowski normal coor-
dinates (t, xα) and (t + dt, xα + dxα), α = 1, 2, 3, satisfies the general expression,
ds2 = gijdx
idxj = g00dt
2 + 2g0αdtdx
α + gαβdx
αdxβ, (2.2)
and setting dxα = 0, we find that,
ds =
√
g00dt, (2.3)
so that,
s =
∫ √
g00dt, (2.4)
giving the proper time interval between any two finitely seperated events. We
notice that the form (2.2) yields:
g00 > 0. (2.5)
We now proceed to find some interesting properties of the components of the
4-metric gij that we shall employ in Chapters 5 and 6.
2.1.3 Properties of the 4-metric gij
We start by introducing the notation,
γαβ =
g0αg0β
g00
− gαβ, (2.6)
which will be useful below to transform Eq. (2.2) into a form that does not have
cross product terms of the form dxαdt. The absence of these terms will allow
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us to work with a reference system in which synchronization of clocks located at
different points in space is achieved. Since g00 > 0, the line element (2.2) can be
written in the form,
ds2 =
(√
g00dt+
g0α√
g00
dxα
)2
− γαβdxαdxβ. (2.7)
We now claim that the matrix −γαβ is the inverse of gαβ. Indeed, the identity,
gikgkj = δ
i
j, (2.8)
implies the following relations between the various components of gij. For the
0α-components of gij it holds that,
gαβgβ0 + g
α0g00 = 0, (2.9)
for the αγ-components we have,
gαβgβγ + g
α0g0γ = δ
α
γ , (2.10)
and for the 00-component we find that,
g0βgβ0 + g
00g00 = 1. (2.11)
Solving for gα0 from (2.9) and substituting in (2.10) using (2.6) we find,
gαβ(−γβγ) = δαγ , (2.12)
namely, that
− γαβ = gαβ, (2.13)
and the claim follows.
We further claim that the quadratic form γαβdx
αdxβ is positive definite,
equal to a sum of squares of three linearly-independent 1-forms ([99], chap. V),
γαβdx
αdxβ =
3∑
κ=1
(aκβdx
β)2, (2.14)
so that the matrix γαβ is positive definite. To see this, we consider two points A
and B in the same time-slice with coordinates xα and xα+dxα respectively. Then,
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the required time for a light signal leaving point B, gets to point A and returns
back to point B is apparently equal to twice the distance between the two given
points. Since ds is equal to zero, solving Eq. (2.2) with respect to dt and using
the form (2.6), we find two distinct roots dt(1) and dt(2) where,
dt(1) =
1
g00
(
−g0αdxα −
√
(g0αg0β − gαβg00)dxαdxβ
)
= −g0α
g00
−
√
1
g00
γαβdxαdxβ ,
(2.15)
and
dt(2) =
1
g00
(
−g0αdxα +
√
(g0αg0β − gαβg00)dxαdxβ
)
= −g0α
g00
+
√
1
g00
γαβdxαdxβ.
(2.16)
Since g00 > 0 and
1
g00
γαβdx
αdxβ > 0, we finally conclude that,
γαβdx
αdxβ > 0, (2.17)
from which the claim follows. Then, since all the three upper left determinants of
γαβ must satisfy the conditions, ([100], chap. 6),
γ11 > 0, det
(
γ11 γ12
γ21 γ22
)
> 0, det (γαβ) = γ > 0, (2.18)
taking into account that g00 > 0, we obtain the following conditions for the various
subdeterminants of gij and the full determinant det (gij) = g as well,
det
(
g00 g01
g10 g11
)
< 0, det

g00 g01 g02
g10 g11 g12
g20 g21 g22
 > 0, g < 0, (2.19)
where,
g = −g00γ. (2.20)
We can now use the various components of the 4-metric gij to give the conditions
of clock synchronization of points located at different regions in same time-slice.
These conditions of the 4-metric give us the opportunity to choose a reference
system that allows a complete synchronization of clocks.
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2.1.4 Clock synchronization
Using relations (2.15), (2.16), we note that the difference in the values of the time
t for two events infinitesimally near each other is given by,
∆t =
1
2
(dt(1) + dt(2)) = −g0α
g00
dxα. (2.21)
Then, it follows that the two clocks will be synchronized provided g0α all van-
ish, and, we should regard these two events as simultaneous. Consequently, the
exceptional cases of reference systems in which,
g0α = 0, (2.22)
make it possible for a complete synchronization of the clocks.
2.1.5 Cauchy-adapted frame
We now introduce a splitted form of the 4-metric gij which will be used in what
follows concerning the appropriate reference system of our analysis. For the
spacetime (V, gij) where V = R ×M, with M being an orientable 3-manifold,
gij is a Lorentzian metric, analytic and with signature (+,−,−,−), we con-
sider a diffeomorphism φ : V −→ M × I, I ⊆ R, such that, the submanifolds
φ−1({t} ×M) =Mt, t ∈ I are spacelike and the curves φ−1({x} × I), x ∈ M are
timelike. Such a frame is called a Cauchy adapted frame [91, 101, 102]. A vector
field ∂/∂t on V is defined by these curves and it can be decomposed into normal
and parallel components relative to the slicing as follows:
∂t = Nn +N. (2.23)
Here N is a positive function on V, n is a future-directed, unit, normal field, and
N is a vector field tangent to the slices Mt. We call N the lapse function and N
the shift vector field. Then we set,
N = Nα∂α, (2.24)
and due to the fact that ∂t is a timelike vector field on V we obtain,
g00 = g(∂t, ∂t) = N
2 +NαNα > 0, (2.25)
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and
g0α = g(∂t, ∂α) = Nα, g
0α = Nα/N2. (2.26)
Using (2.25) and (2.26), we find that Eq. (2.7) becomes,
ds2 = (N2 +NαNα)dt
2 + 2Nαdx
αdt− (γαβ − NαNβ
N2 +NαNα
)dxαdxβ, (2.27)
or,
ds2 = N2dt2 − (γαβ − NαNβ
N2 +NγNγ
)(dxα +Nαdt)(dxβ +Nβdt). (2.28)
2.1.6 Synchronous coordinates
In this Thesis, we shall deal exclusively with the simplest choice, N = 1, Nα = 0,
which means that g00 = 1, g0α = 0 (the foliation away from M0 defined by the
choice N = 1 is called a geodesic slicing [103]). In this case, one sometimes uses
different jargon and speaks of a synchronous [67], or a geodesic normal [91, 104],
or a Gaussian normal [105, 106] system of local coordinates on V for this choice.
In a synchronous reference system the timelines are geodesics of V, while the
hypersurfaces Mt with constant t are orthogonal to these geodesics. Thus, from
now on, for the 4-metric gij, we are going to use the form,
ds2 = dt2 − γαβdxαdxβ , (2.29)
where the time t measures proper time. Then, for the Christoffel symbols,
Γijk =
1
2
gil(∂kglj + ∂jglk − ∂lgjk), (2.30)
we obtain,
Γ000 = Γ
α
00 = Γ
0
0α = 0, (2.31)
Γ0αβ =
1
2
∂tγαβ, (2.32)
and,
Γα0β =
1
2
γαγ∂tγγβ. (2.33)
Below and for the rest of this Chapter we first deal with the vacuum field
equations of the higher order gravity theory and subsequently with the correspond-
ing equations in the case of a fluid. In both cases, we shall study the function-
counting problem of the theory.
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2.2 Vacuum field equations
We start with the vacuum field equations of the higher-order gravity theory derived
from an analytic lagrangian f(R), that is the equations [13, 25, 107],
Lij = f
′(R)Rij − 1
2
f(R)gij −∇i∇jf ′(R) + gijgf ′(R) = 0. (2.34)
The Ricci tensor Rij and the scalar curvature R are defined by,
Rij = R
k
ikj, (2.35)
R = gijRij , (2.36)
where,
Riklm = ∂lΓ
i
km − ∂mΓikl + ΓinlΓnkm − ΓinmΓnkl, (2.37)
and g is the d’ Alembertian operator acting on a scalar function, namely,
gf
′(R) = gmn∇m∇nf ′(R). (2.38)
2.2.1 Synchronous equations
We shall be concerned below with the quadratic theory
f(R) = R + ǫR2, ǫ = constant (2.39)
in vacuum. The field equations (2.34) for the theory (2.39) in a Cauchy adapted
frame split as follows:
L00 := (1 + 2ǫR)R00 − 1
2
(R + ǫR2) + 2ǫgαβ∇α∇βR = 0, (2.40)
L0α := (1 + 2ǫR)R0α − 2ǫ∇0∇αR = 0, (2.41)
Lαβ := (1 + 2ǫR)Rαβ − 1
2
(R + ǫR2)gαβ − 2ǫ∇α∇βR + 2ǫgαβgR = 0. (2.42)
The terms,
∇α∇βR, ∇0∇αR, gR,
appearing in Eq. (2.40), (2.41) and (2.42) satisfy,
∇α∇βR = ∂α(∂βR)− Γ0αβ∂tR− Γγαβ∂γR, (2.43)
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∇0∇αR = ∂α(∂tR)− Γβα0∂βR, (2.44)
and,
gR = ∂t
2R− γαβ∇α∇βR. (2.45)
Thus (2.40) and (2.41) contain the first derivative of the scalar curvature R with
respect to the proper time t, while Eq. (2.42) the second derivative. This means
that the order of these differential equations is not the same. To make it more
clear, we define the extrinsic curvature Kαβ by the first variational equation,
∂tγαβ = Kαβ , (2.46)
and we may then express the various curvatures in terms of Kαβ.
The components of the Ricci tensor are then given by,
R00 = −1
2
∂tK − 1
4
KβαK
α
β , (2.47)
R0α =
1
2
(∇βKβα −∇αK), (2.48)
and,
Rαβ = Pαβ +
1
2
∂tKαβ +
1
4
KKαβ − 1
2
KγαKβγ , (2.49)
where
K = γαβKαβ = trKαβ, (2.50)
and Pαβ denotes the three-dimensional Ricci tensor associated with the 3-metric
γαβ onMt. For the scalar curvature we find, by tracing equation (2.47) and (2.49),
R = −P − ∂tK − 1
4
K2 − 1
4
KβαK
α
β , (2.51)
where P is the trace of the tensor Pαβ with respect to the 3-metric γαβ. Because
of Eq. (2.51), relations (2.43), (2.44) contain third derivatives of the 3-metric
γαβ and (2.45) fourth derivatives of γαβ. Therefore (2.40), (2.41) are third-order
differential equations with respect to the proper time t and, similarly, (2.42) is a
fourth-order differential equation with respect to t. This result is going to be used
in our analysis in chapters 5 and 6.
We are ready now to proceed with the (3+1)-splitting formulation of the
quadratic theory in vacuum into evolution equations and constaints, in order to
search for the true degrees of freedom of the R + ǫR2 theory in vacuum.
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2.2.2 ADM equations
Apart from the first variational equation,
∂tγαβ = Kαβ , (2.52)
that has already been introduced above, we define the acceleration tensor Dαβ
through the second variational equation,
∂tKαβ = Dαβ, (2.53)
and further introduce the jerk tensor (3rd-order derivatives) Wαβ , through the
jerk equation,
∂tDαβ =Wαβ . (2.54)
Compared to the case of general relativity, the need to define the two additional
tensors Dαβ and Wαβ follows directly from the order of the partial differential
equations (2.40), (2.41) and (2.42). The space tensors Dαβ and Wαβ are obviously
symmetric, and owing to the fourth-order nature of the higher-order field equations
(2.40), (2.41), (2.42), they play an important role in what follows.
We imagine that as in the case of general relativity [91], evolution starts from
some spesific initial data set satisfying some constraint equations, and proceeds
to evolve these data using evolution in time. In higher-order gravity, we call any
initial data set a 5-plet (Mt, γαβ, Kαβ, Dαβ,Wαβ), where the submanifoldsMt are
spacelike and (γαβ, Kαβ, Dαβ,Wαβ) are three-dimensional tensors.
Apart from the equations (2.52) (velocity equation), (2.53) (acceleration
equation), (2.54) (jerk equation), any initial data set (Mt, γαβ, Kαβ , Dαβ,Wαβ)
must further satisfy Eq. (2.42). This results in the following evolution equation:
∂tW =
1
6ǫ
(
1
2
P +
1
8
K2 − 5
8
KαβKαβ +D) +
1
6
[P 2 +
1
4
PK2 − 1
4
PKαβKαβ +
1
32
K4 − 1
16
K2KαβKαβ −
6KKαβK
β
γK
γ
α −
99
32
(KαβKαβ)
2 + 27KαβK
β
γK
γ
δK
δ
α + 9KK
αβDαβ −
57KαβK
β
γD
γ
α +
13
2
DKαβKαβ − 7
2
D2 + 15DαβDαβ − 3KW +
15KαβWαβ − 6∂t(∂tP )−
4γαβ∇α∇β(−P −D + 3
4
KαβKαβ − 1
4
K2)], (2.55)
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called here the snap equation.
Using the acceleration tensor Dαβ, the Ricci tensor splittings given above in
Eqns. (2.47), (2.48) and (2.49) become,
R00 = −1
2
D +
1
4
KβαK
α
β , (2.56)
R0α =
1
2
(∇βKβα −∇αK), (2.57)
Rαβ = Pαβ +
1
2
Dαβ +
1
4
KKαβ − 1
2
KγαKβγ, (2.58)
while for the scalar curvature we obtain,
R = −P −D − 1
4
K2 +
3
4
KαβK
β
α , (2.59)
where
P = γαβPαβ = trPαβ, (2.60)
and,
D = γαβDαβ = trDαβ. (2.61)
2.2.3 Constraints
We continue by substituting these forms (2.56), (2.48), (2.58) and (2.59) into
the identities (2.40), (2.41) to find the following equations, which, in a manner
analogous with the situation in general relativity, we call constraints :
Hamiltonian Constraint
C0 : = 1
2
P +
1
8
K2 − 1
8
KαβKαβ +
ǫ[−1
2
P 2 − 1
4
PK2 +
1
4
PKαβKαβ − 1
32
K4 +
1
16
K2KαβKαβ +
3
32
(KαβKαβ)
2 − 1
2
DKαβKαβ +
1
2
D2 −
2γαβ∇α∇β(−P − 1
4
K2 +
3
4
KγδKγδ −D)] = 0, (2.62)
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Momentum Constraints
Cα : = 1
2
(∇βKβα −∇αK) +
ǫ[(−P − 1
4
K2 +
3
4
KδγK
γ
δ −D)(∇βKβα −∇αK)−
∇α(−2∂tP +KKγδKγδ − 3KβγKγδKδβ −
KD + 5KγδDγδ − 2W )] = 0. (2.63)
We conclude that the initial data (γαβ, Kαβ, Dαβ ,Wαβ) cannot be chosen arbitrarily
but they must satisfy the constraint equations (2.62) and (2.63) on each time-slice
Mt.
2.2.4 Function-counting
Subtracting four diffeomorphism transformations, three of them due to the pos-
sibility of arbitrary transformations of the three space coordinates and one more
due to the arbitrariness in choosing the initial hypersurface for setting up the
synchronous reference system, we find that the number of the arbitrary functions
which have to be specified initially is equal to 24− 4− 4 = 16.
This also agrees with the number that Barrow finds in [108]. If we denote
by F the number of the non-interacting fluids and by S the number of the scalar
fields of the theory, then for the description of higher-order gravity cosmologies, we
need 16+4F +2S independent arbitrary functions of space. To make clearer, in a
4-dimensional spacetime the initial data of each fluid require four functions to be
specified and, thus, the F non-interacting fluids require 4F functions to describe
them in general. In addition to that, to specify each one of the S non-interacting
scalar fields, φi, i = 1, 2, ..., S, being presented with self interaction potentials
V (φi), we need two more functions φj and ∂tφj , namely that 2S such functions in
general. Taking into account that in addition to γαβ, ∂tγαβ we must further specify
∂t
2γαβ and ∂t
3γαβ then, the final number of the independent arbitrary functions
of higher-order gravity is equal to 16 + 4F + 2S. Therefore, in the vacuum case,
where F = 0, S = 0, we end up with 16 degrees of freedom.
We can consider the four evolution equations (2.52), (2.53), (2.54) and (2.55)
as the higher-order gravity analogues of the ADM equations of general relativity in
vacuum. These equations together with the constraints (2.62) and (2.63) describe
the time development (V, gij) of any initial data set (Mt, γαβ, Kαβ, Dαβ ,Wαβ) in
higher-order gravity theories in vacuum, with the 4-metric gij satisfying Eq. (2.29).
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We can now proceed to study the ADM formulation problem in higher-order grav-
ity in the presence of a fluid.
2.3 Higher-order field equations in the presence
of a fluid
Our starting point is the field equations of the higher-order gravity theory derived
from an analytic lagrangian f(R), that is the equations
Lij = f
′(R)Rij − 1
2
f(R)gij −∇i∇jf ′(R) + gijgf ′(R) = 8πGTij, (2.64)
where G is Newton’s gravitational constant and Tij is the energy-momentum tensor
satisfying the conservations laws of energy and momentum, given by the equations
of motion,
∇iT ij = 0. (2.65)
Equations (2.65) follow directly from (2.64) because of the fact that ([109], chap.
IV),
∇iLij = 0. (2.66)
2.3.1 Field equations of the quadratic theory R+ǫR2 in the
presence of a fluid
Similarly to the case of vacuum, we shall be concerned below with the quadratic
theory f(R) = R + ǫR2. The field equations (2.64) in a Cauchy adapted frame
split as follows:
L00 = 8πGT00, (2.67)
L0α = 8πGT0α, (2.68)
Lαβ = 8πGTαβ , (2.69)
where L00, L0α, Lαβ are given by Eqns. (2.40), (2.41) and (2.42) respectively and
the components of the Ricci tensors R00, R0α, Rαβ and the scalar curvature R sat-
isfy the relations (2.56), (2.48), (2.58) and (2.59) respectively. Thus, to apply the
(3+1)-splitting formulation of this theory into evolution equations and constaints
in order to find the true degrees of freedom of the (R+ ǫR2)-fluid theory, we first
need splitting relations for the fluid energy-momentum tensor.
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2.3.2 Energy-Momentum tensor
We consider the tangent vector,
ui =
(
dt
ds
,
dxα
ds
)
= (u0, uα), (2.70)
to a timelike curve parametrized by the proper time s, the 4-velocity of the curve
with unit length satisfying the identity,
1 = uiu
i = u0u
0 + uαu
α. (2.71)
The 4-velocity ui is used for a covariant description of continuous matter distri-
butions given by the energy-momentum tensor Tij . In particular, a cosmological
perfect fluid is defined to be a continuous distribution of matter with energy-
momentum tensor of the form,
T ij = (ρ+ p)u
iuj − pδij, (2.72)
where ρ is the energy density and p is the pressure. Using the equation of state,
p = wρ, (2.73)
where w ∈ R is the equation of state parameter, and taking into account that in
a synchronous reference system we have u0 = u
0, the components of the energy-
momentum tensor T ij become,
T 00 = ρ(1 + w)u0
2 − wρ, (2.74)
T 0α = ρ(1 + w)uαu0, (2.75)
T βα = ρ(1 + w)u
βuα − wρδβα. (2.76)
Also we have the trace,
T = trTij = ρ(1− 3w). (2.77)
The equations of motion (2.65) yield the following equations,
[(1 + w)u0
2 − w]∇0ρ+ 2(1 + w)ρu0∇0u0 + (1 + w)gαβ∇α(ρuβu0) = 0, (2.78)
(1 + w)∇0(ρuβu0) + (1 + w)∇α(ρuαuβ)− wδαβ∇αρ = 0. (2.79)
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2.3.3 Function counting of R+ǫR2 in the presence of a fluid
According to the field equations (2.67) and (2.68), we find the following equations,
the constraints for the higher-order-gravity-matter theory:
Hamiltonian Constraint
C0 : = 1
2
P +
1
8
K2 − 1
8
KαβKαβ +
ǫ[−1
2
P 2 − 1
4
PK2 +
1
4
PKαβKαβ − 1
32
K4 +
1
16
K2KαβKαβ +
3
32
(KαβKαβ)
2 − 1
2
DKαβKαβ +
1
2
D2 −
2γαβ∇α∇β(−P − 1
4
K2 +
3
4
KγδKγδ −D)] = 8πGT00, (2.80)
Momentum Constraints
Cα : = 1
2
(∇βKβα −∇αK) +
ǫ[(−P − 1
4
K2 +
3
4
KδγK
γ
δ −D)(∇βKβα −∇αK)−
∇α(−2∂tP +KKγδKγδ − 3KβγKγδKδβ −
KD + 5KγδDγδ − 2W )] = 8πGT0α. (2.81)
Apart from the equations (2.52) (velocity equation), (2.53) (acceleration equation),
(2.54) (jerk equation), any initial data set (Mt, γαβ, Kαβ, Dαβ,Wαβ) together with
the quantities p, ρ, ui must further satisfy Eq. (2.69). This results the snap equa-
tion with matter,
∂tW =
1
6ǫ
(8πGT αα +
1
2
P +
1
8
K2 − 5
8
KαβKαβ +D) +
1
6
[P 2 +
1
4
PK2 − 1
4
PKαβKαβ +
1
32
K4 − 1
16
K2KαβKαβ −
6KKαβK
β
γK
γ
α −
99
32
(KαβKαβ)
2 + 27KαβK
β
γK
γ
δK
δ
α + 9KK
αβDαβ −
57KαβK
β
γD
γ
α +
13
2
DKαβKαβ − 7
2
D2 + 15DαβDαβ − 3KW +
15KαβWαβ − 6∂t(∂tP )−
4γαβ∇α∇β(−P −D + 3
4
KαβKαβ − 1
4
K2)]. (2.82)
We end up with a dynamical system consisting of 30 arbitrary functions, the 24
initial data (γαβ, Kαβ, Dαβ,Wαβ) together with the 6 functions p, ρ, u
i satisfying
evolution equations (2.52), (2.53), (2.54) and (2.82) as well as the four constraint
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equations (2.80) and (2.81) on each slice Mt. The quantities p, ρ satisfy the
equation of state (2.73), and the velocities the identity (2.71).
In addition to that, subtracting 4 diffeomorphism transformations, we find
that the number of the arbitrary functions which have to be specified initially is
equal to 30− 4− 1− 1− 4 = 20 (from the initial 30 functions we have to subtract
in turn 4 from the constraint equations, 1 from the equation of state, 1 from the
identity for the velocities and more 4 from the diffeomorphism transformations).
Of course, this is the number we expected to find and it is also consistent with the
number that Barrow finds in [108] for F = 1, S = 0.
We can consider the four evolution equations (2.52), (2.53), (2.54) and (2.82)
as the higher-order gravity-matter analogues of the ADM equations of general
relativity with matter fields. These equations together with the constraints (2.80)
and (2.81), the equation of state (2.73) and the identity (2.71) describe the time
development (V, gij) of any initial data set (Mt, γαβ, Kαβ, Dαβ,Wαβ) together with
the quantities p, ρ, ui in higher order gravity theories.
In order to study the problems of regularity-singularity in higher-order grav-
ity in the cases of vacuum and various matter contributions, we must first ver-
ify that the dynamical systems we introduced in both cases have the Cauchy-
Kovalevskaya property. This property will ensure that the corresponding evolu-
tion problems are well-formulated in the sense that starting from any assignment
of initial data, the subsequent dynamical evolution is uniquely determined.
Chapter 3
Cauchy-Kovalevskaya formulation
in higher-order gravity
In this Chapter, we study the Cauchy-Kovalevskaya formulation in higher-order
gravity theory in vacuum as well as in the presence of a fluid. In Section 3.1, we
gain further insight into the mathematical content of higher-order gravity equa-
tions by applying them to the initial value problem of Cauchy as in the case of gen-
eral relativity [110]. In Section 3.2, we give the proof of the Cauchy-Kovalevskaya
property for both systems of evolution equations, while in Section 3.3, we state the
conditions under which the initial value problem has a solution which is analytic.
We also discuss the equivalence between general relativity plus a scalar field and
higher-order gravity theory in vacuum from this viewpoint.
3.1 The initial value problem of Cauchy in higher-
order gravity
In the previous Chapter, we found the number of the arbitrary functions that
any general solution of the field equations of higher-order gravity must contain.
The initial value or the Cauchy problem of higher-order gravity is the problem of
studying evolution using these equations, under given initial conditions.
3.1.1 Initial-value formulation
Suppose that we are given gij, ∂tgij, ∂t
2gij and ∂t
3gij everywhere on the hypersur-
faceMt. Then in order to compute gij, ∂tgij, ∂t2gij and ∂t3gij at a time t+ dt, we
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will need to be able to extract from the field equations a formula for ∂t
4gij. By
continuing this process, we can compute these tensors for all xα and t.
From the left-hand side of the field equations,
Lij =
(
Rij − 1
2
gijR
)
+ ǫ
(
2RRij − 1
2
gijR2 − 2∇i∇jR + 2gijgR
)
, (3.1)
and taking into consideration the identity,
∇iLij = 0, (3.2)
we obtain,
∂tL
0j = −∂αLαj − ΓiilLlj − ΓjilLil. (3.3)
The right-hand side of Eq. (3.3) contains time derivatives up to the fourth or-
der. Thus L0j contains no time derivatives higher than ∂t
3. Of course, we have
already this result in Section 2.2.1, but here we present this argument with a more
transparent way more suitable to the initial value problem.
Apparently, from (3.3), the (00)-component and (0α)-components do not
provide us with any information about the time evolution of the higher-order
equations of the gravitational field. Besides, the equations,
L00 = 8πGT 00, (3.4)
L0α = 8πGT 0α, (3.5)
constitute constraints on the initial data at t, and so only the remaining six equa-
tions, namely,
Lαβ = 8πGT αβ, (3.6)
include such time derivatives.
To sum up, Eq. (3.6) determines the six ∂t
4gαβ, but leaves four left over
derivatives, namely, ∂t
4g0j indeterminate. It would be convenient to apply four
coordinate transformations, but unfortunately, even though gij would remain the
same at t it alters everywhere else.
This difficulty could be overcome by imposing four coordinate conditions
that fix the coordinate system. In the next two subsections, and solely for the
analysis of the Cauchy problem we are going to use harmonic coordinates, as a
particularly convenient choice of approach.
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3.1.2 Harmonic coordinates
We start with the harmonic coordinate conditions,
gjkΓijk = 0, (3.7)
namely that,
1
2
gjkgil(∂kglj + ∂jglk − ∂lgjk) = 0. (3.8)
Taking into account that,
Γiij =
1
2
gil∂jgli, (3.9)
and the fact that,
gil∂jgli = ∂jlng =
2√
g
∂j
√
g, (3.10)
the harmonic coordinate conditions read,
∂j(
√
ggij) = 0. (3.11)
This last condition is crusial in the analysis of the Cauchy problem.
3.1.3 The Cauchy problem
The harmonic coordinate conditions (3.11) tell us that,
∂t(
√
ggi0) = −∂α(√ggiα). (3.12)
Differentiating (3.12) with respect to time, we obtain,
∂t
2(
√
ggi0) = −∂α
(
∂t(
√
ggiα)
)
. (3.13)
Then for the third derivative we have,
∂t
3(
√
ggi0) = −∂α
(
∂t
2(
√
ggiα)
)
, (3.14)
and finally,
∂t
4(
√
ggi0) = −∂α
(
∂t
3(
√
ggiα)
)
. (3.15)
Consequently, the six equations (3.6) together with the four equations (3.15) suffice
to determine the fourth time derivatives of all gij and thus, the initial value problem
of Cauchy can be solved.
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We are now ready to study the Cauchy problem when the initial data are
analytic functions. The first thing we need is to prove that the systems of the
evolution equations of higher-order gravity (both in the case of vacuum and in the
presence of a fluid) which have already been presented in Chapter 2, constitute
Cauchy-Kovalevskaya type systems.
3.2 Cauchy-Kovalevskaya property
Our starting point are the ‘dangerous’ terms of the systems, namely, terms that
may include time derivatives. We prove below that these terms are eventually
‘purely spatial’, in all cases. At first, we show this in the case of vacuum.
3.2.1 Proof of the Cauchy-Kovalevskaya property in vac-
uum
We present details of the proof that the system consisting of the four evolution
equations (2.52), (2.53), (2.54) and (2.55) constitutes a Cauchy-Kovalevskaya type
system. Indeed, the only ‘dangerous’ terms in these equations are the three terms,
∂tP, ∂t(∂tP ), ∇α∇β(−P −D + 3
4
KγδKγδ − 1
4
K2), (3.16)
present in the constraints (2.62), (2.63) and in the snap equation (2.55). The
spatial connection coefficients are given by the obvious formula,
Γµαβ =
1
2
γµǫ(∂βγαǫ + ∂αγβǫ − ∂ǫγαβ). (3.17)
We then have,
∂tΓ
µ
αβ = −
1
2
Kµǫ(∂βγαǫ + ∂αγβǫ − ∂ǫγαβ) + 1
2
γµǫ(∂βKαǫ + ∂αKβǫ − ∂ǫKαβ), (3.18)
and,
∂2t Γ
µ
αβ = −Kµǫ(∂βKαǫ + ∂αKβǫ − ∂ǫKαβ)
− 1
2
(Dµǫ − 2KµηKǫη)(∂βγαǫ + ∂αγβǫ − ∂ǫγαβ)
+
1
2
γµǫ(∂βDαǫ + ∂αDβǫ − ∂ǫDαβ). (3.19)
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We also set,
Γηαβ =
1
2
(∂βγαη + ∂αγβη − ∂ηγαβ), (3.20)
so that
Γµαβ = γ
µηΓηαβ , (3.21)
and further we set,
Zηαβ =
1
2
(∂βKαη + ∂αKβη − ∂ηKαβ), (3.22)
and,
Hηαβ =
1
2
(∂βDαη + ∂αDβη − ∂ηDαβ). (3.23)
Then we find that the time derivatives of these ‘fully covariant symbols’ satisfy,
∂tΓηαβ = Zηαβ , (3.24)
∂tZηαβ = Hηαβ . (3.25)
Hence, we conclude that the first time derivatives of the spatial connection coeffi-
cients depend only on (γαβ, Kαβ) and their first spatial derivatives, while the second
time derivatives of the spatial connection coefficients depend only on (γαβ, Kαβ, Dαβ)
and their first spatial derivatives.
Now, the spatial Ricci tensor is given by,
Pαβ = ∂µΓ
µ
αβ − ∂βΓµαµ + ΓµαβΓǫµǫ − ΓµαǫΓǫβµ, (3.26)
and so its time derivative is calculated to be,
∂tPαβ = ∂µ(∂tΓ
µ
αβ)−∂β(∂tΓµαµ)+∂tΓµαβΓǫµǫ+Γµαβ∂tΓǫµǫ−∂tΓµαǫΓǫβµ−Γµαǫ∂tΓǫβµ. (3.27)
Then, for the spatial scalar curvature,
P = γαβPαβ, (3.28)
we find that,
∂tP = −KαβPαβ + γαβ∂tPαβ, (3.29)
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and, therefore, the first of the dangerous terms finally reads:
∂tP = K
αβ(−∂µγµǫΓǫαβ − γµǫ∂µΓǫαβ + ∂βγµǫΓǫαµ + γµǫ∂βΓǫαµ − γµǫγζηΓǫαβΓηµζ
+ γµηγǫζΓηαǫΓζβµ) + γ
αβ[−∂µKµǫΓǫαβ −Kµǫ∂µΓǫαβ + ∂µγµǫZǫαβ + γµǫ∂µZǫαβ
− ∂βKµǫΓǫαµ −Kµǫ∂βΓǫαµ + ∂βγµǫZǫαµ + γµǫ∂βZǫαµ
+ γζηΓηµζ(−KµǫΓǫαβ + γµǫZǫαβ) + γµζΓζαβ(−KǫηΓηµǫ + γǫηZηµǫ)
− γǫζΓζβµ(−KµηΓηαǫ + γµηZηαǫ)− γµζΓζαǫ(−KǫηΓηβµ + γǫηZηβµ)]. (3.30)
This result means that the first dangerous term is ‘purely spatial’. It also implies
that the third dangerous term is also purely spatial, for it is calculated to be of
the form,
∇α∇β(−P −D + 3
4
KγδKγδ − 1
4
K2) = ∂α[∂β(−P −D + 3
4
KγδKγδ − 1
4
K2)]
− Γµαβ∂µ(−P −D +
3
4
KγδKγδ − 1
4
K2)
− 1
2
Kαβ(−∂tP −W + 5
2
KαβDαβ
− 3
2
KαγKβγKαβ −
1
2
KD
+
1
2
KKαβKαβ), (3.31)
means that trouble could only have arisen from the first dangerous term which
however as we showed above, is purely spatial.
Lastly, since
∂t(∂tP ) = −(Dαβ − 2KαγKβγ )Pαβ − 2Kαβ∂tPαβ + γαβ∂t(∂tPαβ), (3.32)
and,
∂2t Pαβ = ∂µ(∂
2
t Γ
µ
αβ)− ∂β(∂2t Γµαµ) + ∂2t ΓµαβΓǫµǫ + Γµαβ∂2t Γǫµǫ − ∂2t ΓµαǫΓǫβµ
− ∂2t ΓǫβµΓµαǫ + 2∂tΓµαβ∂tΓǫµǫ − 2∂tΓµαǫ∂tΓǫβµ, (3.33)
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we find that the second dangerous term depends on (γαβ, Kαβ, Dαβ) and its first
and second spatial derivatives, namely, it has the form:
∂t(∂tP ) = (D
αβ − 2KαγKβγ )(−∂µγµǫΓǫαβ − γµǫ∂µΓǫαβ + ∂βγµǫΓǫαµ + γµǫ∂βΓǫαµ
− γµǫγζηΓǫαβΓηµζ + γµηγǫζΓηαǫΓζβµ)
− 2Kαβ[−∂µKµǫΓǫαβ −Kµǫ∂µΓǫαβ + ∂µγµǫZǫαβ + γµǫ∂µZǫαβ − ∂βKµǫΓǫαµ
− Kµǫ∂βΓǫαµ + ∂βγµǫZǫαµ + γµǫ∂βZǫαµ
+ γζηΓηµζ(−KµǫΓǫαβ + γµǫZǫαβ) + γµζΓζαβ(−KǫηΓηµǫ + γǫηZηµǫ)
− γǫζΓζβµ(−KµηΓηαǫ + γµηZηαǫ)− γµζΓζαǫ(−KǫηΓηβµ + γǫηZηβµ)]
+ γαβ{−∂µ(Dµǫ − 2KµγKǫγ)Γǫαβ − (Dµǫ − 2KµγKǫγ)∂µΓǫαβ
− 2∂µKµǫZǫαβ − 2Kµǫ∂µZǫαβ + ∂µγµǫHǫαβ + γµǫ∂µHǫαβ
+ ∂β(D
µǫ − 2KµγKǫγ)Γǫαµ + (Dµǫ − 2KµγKǫγ)∂βΓǫαµ
+ 2∂βK
µǫZǫαµ + 2K
µǫ∂βZǫαµ − ∂βγµǫHǫαµ − γµǫ∂βHǫαµ
+ γζη[−(Dµǫ − 2KµγKǫγ)Γǫαβ − 2KµǫZǫαβ + γµǫHǫαβ]Γηµζ
+ γµζ [−(Dǫη − 2KǫγKηγ )Γηµǫ − 2KǫηZηµǫ + γǫηHηµǫ]Γζαβ
− γǫζ[−(Dµη − 2KµγKηγ )Γηαǫ − 2KµηZηαǫ + γµηHηαǫ]Γζβµ
− γµζ [−(Dǫη − 2KǫγKηγ )Γηβµ − 2KǫηZηβµ + γǫηHηβµ]Γζαǫ
+ 2(−KµǫΓǫαβ + γµǫZǫαβ)(−KζηΓηµζ + γζηZηµζ)
− 2(−KµηΓηαǫ + γµηZηαǫ)(−KǫζΓζβµ + γǫζZζβµ)}. (3.34)
This shows that the evolution equations form a Cauchy-Kovalevskaya system.
Based on this result, we will perform a pertubative analysis of our system of
higher order equations, namely, the evolution equations (2.52), (2.53), (2.54) and
(2.55) together with the constraints (2.62) and (2.63).
3.2.2 The Cauchy-Kovalevskaya property in the presence
of a fluid
In order to verify the function-counting argument of the higher-order gravity-
matter theory (20 arbitrary functions), we also need to prove that the field equa-
tions are well defined, at least in the analytic case. To be concrete, we need to
prove that these equations are of the Cauchy-Kovalevskaya type. In doing so, we
must show that there are no time derivatives in the constraints (2.80) and (2.81)
and the derivatives of the unknowns are (through the evolution equations (2.52),
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(2.53), (2.54) and (2.82)) analytic functions of the coordinates, the unknowns,
and their first and second space derivatives. The only ‘dangerous’ terms in the
dynamical system presently are again the three terms met previously, namely,
∂tP, ∂t(∂tP ), ∇α∇β(−P −D + 3
4
KγδKγδ − 1
4
K2), (3.35)
present in the constraints Eqns. (2.80), (2.81) and in the snap equation (2.82).
However, this is already shown in previous subsection 3.2.1.
3.3 Analytic solution of the local Cauchy prob-
lem
In order to verify the function-counting argument of Chapter 2 (16 arbitrary func-
tions for the vacuum, 20 arbitrary functions in case of a fluid), we further need
to prove that the evolution equations (2.52), (2.53), (2.54) and (2.55) together
with the constraints for each case are well defined in the sense that there is a
well-defined Cauchy problem, at least for the analytic case.
3.3.1 Analytic solution in vacuum
In case of vacuum we have proved that the evolution and constraint equations
are of the Cauchy-Kovalevskaya type. From this conclusion and the Cauchy-
Kovalevskaya theorem, we are directly led to the following result, local Cauchy
problem (analytic case cf. [91]):
Theorem 3.1. For N = 1, Nα = 0, if we prescribe analytic initial data (γαβ, Kαβ,
Dαβ,Wαβ) on some initial slice M0, then there exists a neighborhood of M0 in
R ×M such that the evolution equations (2.52), (2.53), (2.54) and (2.55) have
an analytic solution in this neighborhood consistent with these data. This analytic
solution is the development of the prescribed initial data onM0 if and only if these
initial data satisfy the constraints.
For the last part of this theorem there is an alternative justification if we
use the conformal equivalence theorem of higher-order gravity theories [22], that
is working in the Einstein-frame representation, and a theorem on symmetric hy-
perbolic systems, cf. [91], pp. 150-1, and also [111]. Indeed, in the Einstein
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frame representation, the theory under discussion is general relativity plus a self-
interacting scalar field, and so the Einstein equations,
Rij −
1
2
δijR = 8πGT
i
j , (3.36)
give a system of the form,
R00 = −
1
2
∂tK − 1
4
KβαK
α
β = 8πG(T
0
0 −
1
2
T ), (3.37)
R0α =
1
2
(∇βKβα −∇αK) = 8πGT 0α, (3.38)
Rβα = −P βα −
1
2
√
γ
∂t(
√
γKβα) = 8πG(T
β
α −
1
2
δβαT ), (3.39)
and the wave equation ∇i∇iφ− V ′(φ) = 0 for φ having the particular scalar field
potential given in [22]. This system is of the form given in Thm. 4.1 of [91], p.
150, from which the result follows.
From the conformal transformation theorem above, we notice that there is
an equivalence between our higher-order gravity theory and general relativity plus
a self-interacting scalar field which satisfies the wave equation on M× I, I ⊆ R.
Therefore in the conformal frame we indeed end up with six arbitrary functions,
four of them are from the geometric part and two more from the wave equation of
the scalar field. Furthermore, through the conformal transformation [62],
φ = ln(1 + 2ǫR), (3.40)
the scalar field φ is exactly defined to be directly related to the scalar curvature R,
and so we see that the function-counting resulting in the number 6 may be inter-
preted as giving the number of arbitrary functions associated with the conformal
picture of the theory in the Einstein frame.
We note in passing that this result explains a completely different function-
counting that is usually associated with higher-order gravity theories, cf. [93, 94],
namely, that using the trace equation for the scalar curvature R we get two initial
data functions, and, these, together with the additional four other arbitrary func-
tions coming from general relativity, result in the theory having finally six functions
for the general solution in the analytic case. However, it may not seem completely
correct to count the metric functions as independent functions together with the
initial data corresponding to the trace equation for the scalar curvature and its
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first derivative, which, in turn, depend on the metric and its derivatives. Besides,
six is also the number for the higher-order equations in the original frame rather
than the Einstein frame representation, assumes that the conformal transforma-
tions is not-singular. This counting method leaves completely open the counting
of the arbitrary functions when the conformal factor Ω, where,
Ω2 = eφ, (3.41)
is equal to zero [83, 112].
In order to confirm that the right number of arbitrary functions of this same
theory in the original Jordan frame is 16, the only thing left to show is the proof of
the Cauchy-Kovalevskaya property of the system of the four evolution equations.
3.3.2 Analytic solution in the presence of a fluid
Similarly with the results obtained in subsection 3.3.1 and the Cauchy-Kovalevskaya
theorem, we are led to the local Cauchy problem (analytic case) for the case of a
fluid:
Theorem 3.2. For N = 1, Nα = 0, if we prescribe analytic initial data (γαβ, Kαβ,
Dαβ,Wαβ) together with the data (p, ρ, u
i) satisfying Eqns. (2.73), (2.78), (2.79)
and the identity (2.71) on some initial slice M0, then there exists a neighborhood
of M0 in R × M such that the evolution equations (2.52), (2.53), (2.54) and
(2.82) have an analytic solution in this neighborhood consistent with these data.
This analytic solution is the development of the prescribed initial data on M0 if
and only if these initial data satisfy the constraints.
We are now ready to apply in the next Chapter a perturbative formalism of
higher-order gravity in a similar manner to that presented in [67] in the cases of
vacuum and radiation in general relativity. In particular, we are going to study
both cases by using a formal series representation of the spatial metric. In fact, for
the analysis of the vacuum and radiation problem, we will consider two different
formal series of the spatial metric for each case. The first one is a regular series
representation of the spatial metric and the second is not a regular, but a singular
formal representation of the spatial metric. In this Thesis, such a perturbative
analysis will play a decisive role and in fact will generalize the results holding in
general relativity to the framework of higher-order gravity. Speciffically, including
the results concerning the Einstein theory, we are going to deal with eight different
problems (two of them have been fully analyzed by Landau and Lifschitz in [67]):
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• general relativity in cases of vacuum and radiation (with regular and singular
formal series) and,
• higher-order R+ ǫR2 gravity in cases of vacuum and radiation (with regular
and singular formal series).
Chapter 4
Perturbative formulation of
higher-order gravity
In this Chapter, we introduce the perturbative formulation in higher-order gravity
assuming a formal series representation of the spatial metric. In Section 4.1, we
find an exact solution of the scale factor a = a(t) that is provided by the corre-
sponding Friedmann equations of higher-order gravity theory in cases of vacuum
and radiation. In Section 4.2, we use the Landau-Lifschitz pertubative method
[67] in the vicinity of a point that is regular in the time. In Section 4.3, we use
the same method in the vicinity of a point that is not regular, but singular in the
time.
4.1 Friedmann Equations
In this Section we present the Friedmann equations of General Relativity as well
as the corresponing generalized Friedmann equations of higher-order gravity and
we study the connection between their solutions.
4.1.1 Solutions of Friedmann equations
In General Relativity and in Friedmann-Robertson-Walker universes, using the
Robertson-Walker metric ([113], chap. 14 and [32]),
ds2 = dt2 − a2(t)
[
dr2
1− kr2 + r
2(dθ2 + sin2θdφ2)
]
, (4.1)
37
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we find that the off-diagonal components of the Ricci tensor are equal to zero and
the diagonal components are given by,
R00 = −3 a¨
a
, (4.2)
R11 =
aa¨ + 2a˙2 + 2k
1− kr2 , (4.3)
R22 =
aa¨ + 2a˙2 + 2k
r2
, (4.4)
R33 =
aa¨ + 2a˙2 + 2k
r2sin2θ
. (4.5)
Also for the scalar curvature we obtain,
R = −6
(
a¨
a
+
a˙2
a2
+
k
a2
)
, (4.6)
where dot denotes differentiation with respect to t. Then the Friedmann equations
for the energy density and the pressure are respectively ([114], chap. 19),
8πGρ
3
=
a˙2 + k
a2
, (4.7)
and,
8πGp = −2 a¨
a
− a˙
2 + k
a2
, (4.8)
where k is the constant curvature, with values −1, 0,+1 correspondingly to hy-
perbolic, flat and spherical geometries (see [115], chap. 18).
In case of an empty space (p = 0, ρ = 0), the general solution is,
a = a0 + a1t, (4.9)
where,
a1
2 = −k, (4.10)
for k = −1, 0.
Further, in radiation models (w =
1
3
, see [116], chap. 11), that is,
p =
ρ
3
, (4.11)
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the exact solutions of the Friedmann equations for k = −1, 0,+1 are respectively
([117], chap. 12):
a =
√
c[(1 +
t√
c
)2 − 1]1/2 = (2√ct+ t2)1/2, (4.12)
a = (4c)1/4t1/2, (4.13)
a =
√
c[1− (1− t√
c
)2]1/2 = (2
√
ct− t2)1/2, (4.14)
where,
c =
8πGρa4
3
(4.15)
and,
ρa4 = constant, (4.16)
which expresses the conservation of mass-energy (2.65).
4.1.2 Generalized Friedmann Equations
Working similarly with the lagrangian f(R) = R + ǫR2 and the field equations
(2.64), apart from the Eqns. (4.3)-(4.6), we find that,
∂tR = −6
( ...
a
a
+
a˙a¨
a2
− 2 a˙
3
a3
− 2k a˙
a3
)
, (4.17)
∂t
2R = −6
(
a(4)
a
+
a¨2
a2
− 8 a˙
2a¨
a3
+ 6
a˙4
a4
− 2k a¨
a3
+ 6k
a˙2
a4
)
, (4.18)
as well as,
∇1∇1R = 6
1− kr2
(
a˙
...
a +
a˙2a¨
a
− 2 a˙
4
a2
− 2k a˙
2
a2
)
, (4.19)
∇2∇2R = 6r2
(
a˙
...
a +
a˙2a¨
a
− 2 a˙
4
a2
− 2k a˙
2
a2
)
, (4.20)
∇3∇3R = 6r2 sin θ
(
a˙
...
a +
a˙2a¨
a
− 2 a˙
4
a2
− 2k a˙
2
a2
)
, (4.21)
∇α∇βR = 0, if α 6= β. (4.22)
Then, the 00-component [118] and αα-components lead us to the generalized Fried-
mann equations for the energy density ρ and the pressure p, which respectively
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are:
8πGρ
3
=
k + a˙2
a2
+ 6ǫ
(
2
a˙
...
a
a2
+ 2
a˙2a¨
a3
− a¨
2
a2
− 3 a˙
4
a4
− 2k a˙
2
a4
+
k2
a4
)
, (4.23)
and,
8πGp = −2 a¨
a
− a˙
2 + k
a2
+6ǫ
(
−2a
(4)
a
− 4 a˙
...
a
a2
− 3 a¨
2
a2
+ 12
a˙2a¨
a3
− 3 a˙
4
a4
+ 4k
a¨
a3
− 2k a˙
2
a4
+
k2
a4
)
,
(4.24)
where the general relativity case may be recovered when ǫ → 0. The question
that naturally emerge is if, in cases of vacuum and radiation, the corresponding
solutions (4.9) and (4.12), (4.13), (4.14) of the Friedmann equations, for k =
−1, 0,+1 respectively, are exact solutions of the generalized Friedmann equations
(4.23) and (4.24) as well. To answer this question, we notice that each one of Eqns.
(4.23) and (4.24) consists of two parts. The first parts of those are not multiplied
by the coefficient 6ǫ and, in fact, are equal to the quantities
8πGρGR
3
and 8πGpGR
respectively.
This means that in both cases (p = ρ = 0, p = ρ/3) the corresponding
solutions (4.9) and (4.12), (4.13), (4.14), for the appropriate k each time, make
these parts identically equal. In addition to that, substituting a from the solutions
(4.9) and (4.12), (4.13), (4.14), for the corresponding k each time, to the second
parts of (4.23) and (4.24), which are the parts,
2
a˙
...
a
a2
+ 2
a˙2a¨
a3
− a¨
2
a2
− 3 a˙
4
a4
− 2k a˙
2
a4
+
k2
a4
,
and,
−2a
(4)
a
− 4 a˙
...
a
a2
− 3 a¨
2
a2
+ 12
a˙2a¨
a3
− 3 a˙
4
a4
+ 4k
a¨
a3
− 2k a˙
2
a4
+
k2
a4
,
we immediately find that these parts are identically equal to zero.
Therefore, we conclude that, in cases of vacuum and radiation, relations
(4.9) and (4.12), (4.13), (4.14), for the corresponding k each time, are also exact
solutions of the generalized Friedmann equations. Also, we note that relations
(4.15) and (4.16) are still valid, due to the fact that they arise from the conservation
laws (2.65). This result is very important concerning the appropriate form of the
spatial metric γαβ that we are going to use in what follows.
In fact, we are going to choose a form of the 3-metric γαβ, that is consistent
with the consideration that on largest scales the galaxy distribution appears to be
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homogeneous and isotropic [119] and so with the exact solutions of the generalized
Friedmann equations.
4.2 Perturbative analysis with a regular formal
series representation of the spatial metric
In this Section, taking into account that the scale factor a given by Eq. (4.9) is an
exact solution of the generalized Friedmann equations (4.23) and (4.24), we are
going to use the Landau-Lifschitz pertubative method [67] in higher order gravity,
in the vicinity of o point that is regular in the time. In particular, we assume a
regular formal series representation of the spatial metric of the form,
γαβ = γ
(0)
αβ + γ
(1)
αβ t + γ
(2)
αβ t
2 + γ
(3)
αβ t
3 + γ
(4)
αβ t
4 + · · · , (4.25)
where the γ
(0)
αβ , γ
(1)
αβ , γ
(2)
αβ , γ
(3)
αβ , γ
(4)
αβ , · · · are functions of the space coordinates.
4.2.1 Regular formal series representation
In the first step of this analysis, after taking into consideration the order of the
higher order gravity equations in cases of vacuum and radiation that we have dealt
with, we shall be interested only in the part of the formal series shown, that is up
to order four. Because of this, we shall drop the dots at the end of the various
expressions to simplify the overall appearance1. Nevertheless, in the next two
Chapters, we will show that, even if the order of the formal series is greater than
four, then the results are qualitatively the same as that of the series (4.25). Thus
before substitution to the evolution and constraint higher order equations, we note
that the expression (4.25) contains 30 degrees of freedom (6 of each spatial matrix
γ
(n)
αβ , n = 0, · · · , 4). Note that setting γ(0)αβ = δαβ and γ(n)αβ = 0, n > 0, we have
Minkowski space included here as an exact solution of the equations, and so our
perturbation analysis covers this case too.
We set,
γ
(0)
αβ = aαβ, γ
(1)
αβ = bαβ , γ
(2)
αβ = cαβ , γ
(3)
αβ = dαβ, γ
(4)
αβ = eαβ , (4.26)
1Differentiation of such formal series with respect to either space or the time variables is
defined term by term, whereas multiplication of two such expressions results when the various
terms are multiplied and terms of same powers of t
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where the data aαβ, bαβ , cαβ, dαβ, eαβ, are arbitrary, nontrivial analytic functions
of the space coordinates. To proceed, we shall need the expression of the formal
expansion of the reciprocal tensor γαβ . To find this, we use the identity,
γαβγ
βγ = δγα. (4.27)
Then the various coefficients γ(µ)αβ, µ = 0, · · · , 4, of t in the expansion γαβ =∑
∞
n=0 γ
(n)αβtn are found to be:
γαβ = aαβ − bαβt+ (bαγ bβγ − cαβ) t2 + (−dαβ + bαγ cβγ − bαγ bδγ bβδ + cαγ bβγ) t3
+
(
−eαβ + bαγdβγ − bαγbδγ cβδ + cαγ cβγ + dαγ bβγ − bαγ cδγbβδ + bαγbδγbǫδbβǫ
− cαγ bδγbβδ
)
t4. (4.28)
Note that aαβa
βγ = δγα and the indices of bαβ , cαβ, dαβ, eαβ are raised by a
αβ . For
any tensor X , using the formal expansion (4.25), we can recursively calculate the
coefficients in the expansion
Xαβ = X
(0)
αβ +X
(1)
αβ t+X
(2)
αβ t
2 +X
(3)
αβ t
3 +X
(4)
αβ t
4. (4.29)
In particular, we can write down a general iterated formula for the n-th order
term, X
(n)
αβ . For instance, for the extrinsic curvature Kαβ, we write,
Kαβ = K
(0)
αβ +K
(1)
αβ t+K
(2)
αβ t
2 +K
(3)
αβ t
3. (4.30)
We now calculate all the essential quantities that we are going to use in the next
Chapters in order to compare the number of the arbitrary functions that the formal
series provide with those we found after the function-counting analysis in Chapter
2.
4.2.2 Regular formal series representation of Kαβ, Dαβ,Wαβ
In terms of the data aαβ, bαβ , cαβ, dαβ, eαβ , we have explicitly,
Kαβ = ∂tγαβ = bαβ + 2cαβt+ 3dαβt
2 + 4eαβt
3, (4.31)
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and for the mixed components we obtain,
Kαβ = γ
αγKγβ = b
α
β + (2c
α
β − bαγbγβ)t+ (3dαβ − 2bαγcγβ + bαδbγδ bγβ − cαγbγβ)t2
+ (4eαβ − 3bαγdγβ + 2bαδbγδ cγβ − 2cαγcγβ − dαγbγβ + bαδcγδ bγβ − bαδbǫδbγǫ bγβ
+ cαδbγδ bγβ)t
3. (4.32)
Further, taking into account the third inequality of (2.18), the mean curvature,
K = Kαα = γ
αβ∂tγαβ = ∂tln(γ), (4.33)
is given by the form,
K = b+ (2c− bαβbβα)t+ (3d− 3bαβcβα + bαβbγβbγα)t2
+ (4e− 4bαβdβα + 4bαβcγβbγα − bαβbγβbδγbδα − 2cαβcβα)t3. (4.34)
For completeness, we also give the expressions of the coefficients K(n), αβ of the
fully contravariant symbols,
Kαβ = bαβ − 2(bαγbβγ − cαβ)t− 3(−dαβ + bαγcβγ − bαγbδγbβδ + cαγbβγ)t2
− 4(−eαβ + bαγdβγ − bαγbδγcβδ + cαγcβγ + dαγbβγ − bαγcδγbβδ
+ bαγbδγb
ǫ
δb
β
ǫ − cαγbδγbβδ )t3. (4.35)
Using these forms, we can find the various components of the acceleration and jerk
tensors to the required order. We have that the perturbation of the acceleration
tensor in terms of the prescribed data is given by the form:
Dαβ = ∂tKαβ = 2cαβ + 6dαβt+ 12eαβt
2. (4.36)
Further we find,
Dαβ = γ
αγDγβ = 2c
α
β + 2(3d
α
β − bαγ cγβ)t + 2(6eαβ − 3bαγdγβ + bαδ bδγcγβ − cαγ cγβ)t2,(4.37)
and,
D = 2c+ 2(3d− bαβcβα)t + 2(6e− 3bαβdβα + bγβbβαcαγ − cαβcβα)t2, (4.38)
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where the trace is given by,
D = Dαα = γ
αβ∂tKαβ . (4.39)
For the fully contravariant components, we find,
Dαβ = 2cαβ + 2(3dαβ − bαγcβγ − bδβcαδ )t
+ 2(6eαβ − 3bαγdβγ − 3bδβdαδ − 2cαγcβγ + bαδbγδ cβγ + bδβbαγ cγδ
+ bδγbβγc
α
δ )t
2. (4.40)
Lastly, the jerk perturbation series is found to be,
Wαβ = ∂tDαβ = 6dαβ + 24eαβt, (4.41)
so that,
W = 6d+ 6(4e− bαβdβα)t, (4.42)
where,
W =W αα = γ
αβ∂tDαβ . (4.43)
4.2.3 Regular formal series representation of the Ricci ten-
sor
The various components of the Ricci curvature are more complicated when ex-
pressed in terms of the asymptotic data a, b, c, d, e and we give them below. Using
Eqns. (2.56), (2.57) and (2.58) we find,
R00 = −
1
2
D +
1
4
KβαK
α
β =
(
−c+ 1
4
bβαb
α
β
)
+
(
−3d+ 2bβαcαβ −
1
2
bβαb
α
γ b
γ
β
)
t
+
(
−6e+ 9
2
bβαd
α
β −
7
2
bβαb
α
γ c
γ
β +
3
4
bβγb
γ
αb
α
δ b
δ
β + 2c
β
αc
α
β
)
t2, (4.44)
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and,
R0α =
1
2
(∇βKβα −∇αK) =
1
2
(∇βbβα −∇αb) + (∇βcβα −∇αc− 12∇β(bβγbγα) + 12∇α(bβγbγβ)
)
t
+
[
3
2
(∇βdβα −∇αd)−∇β(bβγcγα) +
3
2
∇α(bβγcγβ)−
1
2
∇β(cβγbγα) +
1
2
∇β(bβδ bδγbγα)
− 1
2
∇α(bδβbβγbγδ )
]
t2
+
[
2(∇βeβα −∇αe)−
3
2
∇β(bβγdγα) + 2∇α(bβγdγβ)−
1
2
∇β(dβγbγα)−∇β(cβγcγα) +∇α(cβγcγβ)
+ ∇β(bβδ bδγcγα) +
1
2
∇β(bβδ cδγbγα) +
1
2
∇β(cβδ bδγbγα)− 2∇α(bδβcβγbγδ )
− 1
2
∇β(bβδ bδǫbǫγbγα) +
1
2
∇α(bδβbβγbγǫ bǫδ)
]
t3, (4.45)
and also,
Rβα = −P βα −
1
4
KKβα −
1
2
Dβα +
1
2
KβγK
γ
α =
(
−(P βα )(0) − cβα +
1
2
bβγb
γ
α −
1
4
bβαb
)
+
(
−3dβα + 2bβγcγα − bβδ bδγbγα + cβγbγα −
1
2
bβαc+
1
4
bδγb
γ
δ b
β
α −
1
2
cβαb+
1
4
bβγb
γ
αb− (P βα )(1)
)
t
+
(
−6eβα +
9
2
bβγd
γ
α − 3bβδ bδγcγα + 3cβγcγα +
3
2
dβγb
γ
α −
3
2
bβδ c
δ
γb
γ
α +
3
2
bβδ b
δ
ǫb
ǫ
γb
γ
α −
3
2
cβδ b
δ
γb
γ
α
− 3
4
dβαb+
1
2
bβγc
γ
αb−
1
4
bβδ b
δ
γb
γ
αb+
1
4
cβγb
γ
αb− cβαc+
1
2
cβαb
δ
γb
γ
δ +
1
2
bβγb
γ
αc−
1
4
bβγb
γ
αb
δ
ǫb
ǫ
δ
− 3
4
bβαd+
3
4
bβαb
δ
γc
γ
δ −
1
4
bβαb
δ
ǫb
ǫ
γb
γ
δ − (P βα )(2)
)
t2, (4.46)
where Pαβ is the Ricci tensor associated with γαβ. In fact, starting with the
expression of the Ricci tensor,
Rij = R
l
ilj = ∂lΓ
l
ij − ∂jΓlil + ΓlklΓkij − ΓlkjΓkil, (4.47)
we find that the expression of the three-dimensional Ricci tensor is,
Pαβ = ∂µΓ
µ
αβ − ∂βΓµαµ + ΓµαβΓǫµǫ − ΓµαǫΓǫβµ. (4.48)
Due to Eqns. (4.25) and (4.28), we find the form of the Christoffel symbols of the
second kind, which is,
Γµαβ = (Γ
µ
αβ)
(0) + t(Γµαβ)
(1) + t2(Γµαβ)
(2) + t3(Γµαβ)
(3) + t4(Γµαβ)
(4). (4.49)
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Therefore, the form of the three-dimensional Ricci tensor and the corresponding
mixed three-dimensional Ricci tensor becomes,
Pαβ = (Pαβ)
(0) + t(Pαβ)
(1) + t2(Pαβ)
(2) + t3(Pαβ)
(3) + t4(Pαβ)
(4), (4.50)
and,
P βα = γ
βµPµα = (P
β
α )
(0) + t(P βα )
(1) + t2(P βα )
(2) + t3(P βα )
(3) + t4(P βα )
(4). (4.51)
We also find,
P = γαβPαβ = P
(0) + tP (1) + t2P (2) + t3P (3) + t4P (4). (4.52)
Then, the scalar curvature becomes an expression of the form,
R = R(0) +R(1)t +R(2)t2, (4.53)
and explicitly we have,
R = −P − 1
4
K2 +
3
4
KβαK
α
β −D
=
(
−P (0) − 2c+ 3
4
bβαb
α
β −
1
4
b2
)
+
(
−bc− 6d+ 5bβαcαβ −
3
2
bβαb
α
γ b
γ
β +
1
2
bβαb
α
βb− P (1)
)
t
+
(
−3
2
bd− c2 − 12e+ 21
2
bβαd
α
β + 5c
β
αc
α
β −
19
2
bβαb
α
γ c
γ
β +
9
4
bβγb
γ
αb
α
δ b
δ
β +
3
2
bβαc
α
βb
+ bβαb
α
βc−
1
2
bγβb
β
αb
α
γ b−
1
4
(bβαb
α
β)
2 − P (2)
)
t2. (4.54)
Chapter 4. Perturbative formulation of higher-order gravity 47
4.2.4 Constraints and snap equation
In terms of aαβ, bαβ , cαβ, dαβ, eαβ, the hamiltonian constraint (2.62) becomes,
C0 = 1
2
P (0) − 1
8
bβαb
α
β +
1
8
b2 + ǫ
{
2(−P (0) − 2c+ 3
4
bβαb
α
β −
1
4
b2)(−c + 1
4
bδγb
γ
δ )
− 1
2
(−P (0) − 2c+ 3
4
bβαb
α
β −
1
4
b2)2
+ b(−bc − 6d+ 5bβαcαβ −
3
2
bβαb
α
γ b
γ
β +
1
2
bβαb
α
βb− P (1))
+ aαβ
[
−2∂α
(
∂β(−P (0) − 2c+ 3
4
bδγb
γ
δ −
1
4
b2)
)
+ aµǫAαβǫ∂µ(−P (0) − 2c+ 3
4
bδγb
γ
δ −
1
4
b2)
]}
+ t
{
1
2
P (1) − 1
4
bβαb
α
βb+
1
4
bβαb
α
γ b
γ
β −
1
2
bβαc
α
β +
1
2
bc
+ ǫ
{
2(−P (0) − 2c+ 3
4
bǫδb
δ
ǫ −
1
4
b2)(−3d+ 2bβαcαβ −
1
2
bβαb
α
γ b
γ
β)
+ 2(−bc− 6d+ 5bβαcαβ −
3
2
bβαb
α
γ b
γ
β +
1
2
bβαb
α
βb− P (1))(−c +
1
4
bǫδb
δ
ǫ)
− (−P (0) − 2c+ 3
4
bǫδb
δ
ǫ −
1
4
b2)(−bc− 6d+ 5bβαcαβ −
3
2
bβαb
α
γ b
γ
β +
1
2
bβαb
α
βb− P (1))
+ 2c(−bc− 6d+ 5bβαcαβ −
3
2
bβαb
α
γ b
γ
β +
1
2
bβαb
α
βb− P (1))
+ 2b(−3
2
bd− c2 − 12e+ 21
2
bβαd
α
β + 5c
β
αc
α
β −
19
2
bβαb
α
γ c
γ
β +
9
4
bβγb
γ
αb
α
δ b
δ
β +
3
2
bβαc
α
βb
+ bβαb
α
βc−
1
2
bγβb
β
αb
α
γ b−
1
4
(bβαb
α
β)
2 − P (2))
+ aαβ
[
−2∂α
(
∂β(−bc− 6d+ 5bδγcγδ −
3
2
bǫδb
δ
γb
γ
ǫ +
1
2
bδγb
γ
δ b− P (1))
)
+ 2Eµαβ∂µ(−P (0) − 2c+
3
4
bδγb
γ
δ −
1
4
b2)
+ aµǫAαβǫ∂µ(−bc− 6d+ 5bδγcγδ −
3
2
bδγb
γ
ζ b
ζ
δ +
1
2
bδγb
γ
δ b− P (1))
]
+ bαβ
[
2∂α
(
∂β(−P (0) − 2c+ 3
4
bδγb
γ
δ −
1
4
b2)
)
− bαβ(−bc− 6d+ 5bδγcγδ −
3
2
bǫδb
δ
γb
γ
ǫ +
1
2
bδγb
γ
δ b− P (1))
− aµǫAαβǫ∂µ(−P (0) − 2c+ 3
4
bδγb
γ
δ −
1
4
b2)
]}}
= 0. (4.55)
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From (2.63), we calculate the momentum constraints in the form,
Cα = 1
2
(∇βbβα −∇αb) + ǫ
[
(−P0 − 2c+ 3
4
bβαb
α
β −
1
4
b2)(∇βbβα −∇αb)
− 2∂α(−bc− 6d+ 5bβαcαβ −
3
2
bβαb
α
γ b
γ
β +
1
2
bβαb
α
βb− P1)
+ bβα∂β(−P0 − 2c+
3
4
bβαb
α
β −
1
4
b2)
]
+ t
{
(∇βcβα −∇αc)−
1
2
∇β(bβγbγα) +
1
2
∇α(bβγbγβ)
+ ǫ
{
2(−P (0) − 2c+ 3
4
bǫδb
δ
ǫ −
1
4
b2)
[
(∇βcβα −∇αc)−
1
2
∇β(bβγbγα) +
1
2
∇α(bβγbγβ)
]
+ (−bc− 6d+ 5bδγcγδ −
3
2
bǫδb
δ
γb
γ
ǫ +
1
2
bδγb
γ
δ b− P (1))(∇βbβα −∇αb)
− 4∂α(−3
2
bd − c2 − 12e+ 21
2
bγβd
β
γ + 5c
γ
βc
β
γ −
19
2
bδγb
γ
βc
β
δ +
9
4
bǫδb
δ
γb
γ
βb
β
ǫ +
3
2
bγβc
β
γb
+ bγβb
β
γc−
1
2
bδγb
γ
βb
β
δ b−
1
4
(bγβb
β
γ)
2 − P (2))
+ bβα∂β(−bc− 6d+ 5bδγcγδ −
3
2
bǫδb
δ
γb
γ
ǫ +
1
2
bδγb
γ
δ b− P (1))
+ (2cβα − bβγbγα)∂β(−P (0) − 2c+
3
4
bǫδb
δ
ǫ −
1
4
b2)
}}
= 0. (4.56)
Finally, the snap equation (2.55) gives,
1
2
P (0) + 2c− 5
8
bβαb
α
β +
1
8
b2
+ ǫ
{
2[−P (0) + (−2c+ 3
4
bδγb
γ
δ −
1
4
b2)][−P (0) + (−c + 1
2
bβαb
α
β −
1
4
b2)]
− 3
2
[−P (0) + (−2c+ 3
4
bδγb
γ
δ −
1
4
b2)]2 + 6[−2P (2) − 3bd− 2c2 − 24e+ 21bγδdδγ
+ 10cγδc
δ
γ − 19bǫδbδγcγǫ +
9
2
bδγb
γ
ǫ b
ǫ
ζb
ζ
δ + 3b
γ
δ c
δ
γb+ 2b
γ
δ b
δ
γc− bγδ bδǫbǫγb−
1
2
(bγδ b
δ
γ)
2]
+ 4aαβ[∂α
(
∂β(−P (0) − 2c+ 3
4
bδγb
γ
δ −
1
4
b2)
)
− 1
2
bαβ(−bc− 6d+ 5bβαcαβ −
3
2
bβαb
α
γ b
γ
β +
1
2
bβαb
α
βb− P (1))
− (Γµαβ)(0)∂µ(−P (0) − 2c+
3
4
bδγb
γ
δ −
1
4
b2)]
}
= 0. (4.57)
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4.3 Perturbative analysis with a singular formal
series representation of the spatial metric
Similarly to the previous Section, taking into account that the scale factor a given
by Eqns. (4.12), (4.13), (4.14) is an exact solution of the generalized Friedmann
equations (4.23) and (4.24) for the corresponding k each time, we are also going
to use the Landau-Lifschitz pertubative method in higher order gravity, in the
vicinity of o point that is not regular, but singular in the time. In particular, we
note that the exact solutions of the generalized Friedmann equations in cases of
k = −1, 0,+1, lead us to the fact that the dependence of the scale factor a = a(t)
when t→ 0 goes over the k = 0 solution, and consequently we have,
a ∝ t1/2. (4.58)
Thus, in accordance with (4.58), we assume a formal series representation of the
spatial metric of the form:
γαβ = γ
(1)
αβ t+ γ
(2)
αβ t
2 + γ
(3)
αβ t
3 + γ
(4)
αβ t
4 + · · ·
= aαβt + bαβt
2 + cαβt
3 + dαβt
4 + · · · , (4.59)
where the γ
(1)
αβ = aαβ, γ
(2)
αβ = bαβ , γ
(3)
αβ = cαβ , γ
(4)
αβ = dαβ , · · · are functions of the
space coordinates.
4.3.1 Singular formal series representation
Taking into consideration the order of the higher order gravity equations in cases of
vacuum and radiation that we have dealt with in Chapter 2, we shall be interested
too in the part of the formal series shown, that is up to order four. Because of
this, we shall also drop the dots at the end of the various expressions in order to
simplify the overall appearance. Certainly, in the next two Chapters, we also prove
that, even if the order of the formal series is greater than four, then the results
are qualitatively the same as that of the series (4.59). Thus before substitution to
the evolution and constraint higher order equations, we note that the expression
(4.59) contains 24 degrees of freedom (6 of each spatial matrix γ
(n)
αβ , n = 1, · · · , 4).
We note that the data aαβ, bαβ , cαβ, dαβ, are arbitrary, nontrivial analytic
functions of the space coordinates.
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To proceed, we find the expression of the formal expansion of the reciprocal
tensor γαβ using the identity (4.27). Then the various coefficients γ(µ)αβ, µ =
1, · · · , 4, of t in the expansion γαβ =∑∞n=−1(γαβ)(n)tn are found to be:
γαβ =
1
t
aαβ − bαβ + t(−cαβ + bαγbβγ) + t2(−dαβ + bαγcβγ − bαγbδγbβδ + cαγbβγ ). (4.60)
Note that aαβa
βγ = δγα and the indices of bαβ , cαβ, dαβ are raised by a
αβ . For
any tensor X , using the formal expansion (4.59), we can recursively calculate the
coefficients in the expansion
Xαβ =
∑
X
(n)
αβ t
n, (4.61)
where the values of n depend on the tensor.
4.3.2 Singular formal series representation of Kαβ, Dαβ,Wαβ
In terms of the data aαβ, bαβ , cαβ, dαβ, we have explicitly,
Kαβ = ∂tγαβ = aαβ + 2tbαβ + 3t
2cαβ + 4t
3dαβ, (4.62)
and for the mixed components we obtain,
Kαβ =
1
t
δβα + b
β
α + t(2c
β
α − bβγbγα) + t2(3dβα − 2bβγcγα − cβγbγα + bβγbγδ bδα). (4.63)
Additionally, taking into account the third inequality of (2.18), namely that,
γ > 0, (4.64)
the mean curvature,
K = Kαα = γ
αβ∂tγαβ = ∂tln(γ), (4.65)
is given by the form,
K =
3
t
+ b+ t(2c− bβαbαβ) + t2(3d− 3bβαcαβ + bβγbγαbαβ), (4.66)
and for completeness, we also give the expressions of the coefficients (Kαβ)(n) of
the fully contravariant symbols,
Kαβ =
1
t2
aαβ + (cαβ − bβγbαγ ) + t(2dαβ − 2bβγcγα − 2bαγcβγ + 2bαγbδγbβδ ). (4.67)
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Using these forms, we can find the various components of the acceleration and jerk
tensors to the required order. We have that the perturbation of the acceleration
tensor in terms of the prescribed data is given by the form:
Dαβ = ∂tKαβ = 2bαβ + 6cαβt + 12dαβt
2. (4.68)
Further, for the mixed components we find,
Dβα =
2
t
bβα + 2(3c
β
α − bβγbγα) + 2t(6dβα − 3bβγcγα − cβγbγα + bβδ bδγbγα), (4.69)
and,
D =
2
t
b+ 2(3c− bβαbαβ) + 2t(6d− 4bβαcαβ + bβγbγαbαβ), (4.70)
where the trace is given by,
D = Dαα = γ
αβ∂tKαβ . (4.71)
Also, for the fully contravariant components, we find,
Dαβ =
2
t2
bαβ +
2
t
(3cαβ − 2bβγbαγ) + 2(6dαβ − 4bβγcαγ − 4bαγ cγβ + 3bαγbδγbβδ ). (4.72)
Lastly, the jerk perturbation series is found to be,
Wαβ = ∂tDαβ = 6cαβ + 24dαβt, (4.73)
so that,
W =
6
t
c+ 6(4d− bβαcαβ), (4.74)
where,
W =W αα = γ
αβ∂tDαβ . (4.75)
So far, we have fully calculate all the terms that appear in higher-order gravity
apart from the three-dimensional Ricci tensor Pαβ and it’s trace P = trPαβ .
4.3.3 Singular formal series representation of Pαβ
In order to determine Pαβ, we start with the expression of the Ricci tensor, that
is,
Rij = R
l
ilj = ∂lΓ
l
ij − ∂jΓlil + ΓlklΓkij − ΓlkjΓkil. (4.76)
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Thus, the expression of the three-dimensional Ricci tensor is,
Pαβ = ∂µΓ
µ
αβ − ∂βΓµαµ + ΓµαβΓǫµǫ − ΓµαǫΓǫβµ, (4.77)
where the Christoffel symbols of the second kind,
Γµαβ =
1
2
γµǫ(∂βγαǫ + ∂αγβǫ − ∂ǫγαβ), (4.78)
using the series (4.59) become,
Γµαβ =
1
2
[1
t
aµǫ − bµǫ + t(−cµǫ + bµγbǫγ) + t2(−dµǫ + bµγcǫγ + cµγbǫγ − bµγbδγbǫδ)
]
× [t(∂βaαǫ + ∂αaβǫ − ∂ǫaαβ) + t2(∂βbαǫ + ∂αbβǫ − ∂ǫbαβ)
+ t3(∂βcαǫ + ∂αcβǫ − ∂ǫcαβ) + t4(∂βdαǫ + ∂αdβǫ − ∂ǫdαβ)
]
. (4.79)
In order to simplify our work, we set,
Aαβǫ = ∂βaαǫ + ∂αaβǫ − ∂ǫaαβ , (4.80)
Bαβǫ = ∂βbαǫ + ∂αbβǫ − ∂ǫcαβ, (4.81)
Cαβǫ = ∂βcαǫ + ∂αcβǫ − ∂ǫcαβ, (4.82)
Dαβǫ = ∂βdαǫ + ∂αdβǫ − ∂ǫdαβ. (4.83)
Therefore, relation (4.79) becomes,
Γµαβ =
1
2
(
1
t
aµǫ − bµǫ + t(γµǫ)(1) + t2(γµǫ)(2))× (tAαβǫ + t2Bαβǫ + t3Cαβǫ + t4Dαβǫ),
(4.84)
and so,
Γµαβ =
1
2
aµǫAαβǫ +
1
2
(aµǫBαβǫ − bµǫAαβǫ)t + 1
2
(aµǫCαβǫ − bµǫBαβǫ + γ(1)µǫAαβǫ)t2
+
1
2
(aµǫDαβǫ − bµǫCαβǫ + (γµǫ)(1)Bαβǫ + (γµǫ)(2)Aαβǫ)t3. (4.85)
We further set,
Γ˜µαβ =
1
2
aµǫAαβǫ, (4.86)
Eµαβ =
1
2
(aµǫBαβǫ − bµǫAαβǫ), (4.87)
F µαβ =
1
2
(aµǫCαβǫ − bµǫBαβǫ + eµǫAαβǫ), (4.88)
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Gµαβ =
1
2
(aµǫDαβǫ − bµǫCαβǫ + eµǫBαβǫ + fµǫAαβǫ), (4.89)
and finally for the Christoffel symbols we obtain,
Γµαβ = Γ˜
µ
αβ + tE
µ
αβ + t
2F µαβ + t
3Gµαβ . (4.90)
Moreover, from (4.77) using (4.90) we find,
Pαβ = (∂µΓ˜
µ
αβ + t∂µE
µ
αβ + t
2∂µF
µ
αβ + t
3∂µG
µ
αβ)− (∂βΓ˜µαµ + t∂βEµαµ + t2∂βF µαµ + t3∂βGµαµ)
+ (Γ˜µαβ + tE
µ
αβ + t
2F µαβ + t
3Gµαβ)× (Γ˜ǫµǫ + tEǫµǫ + t2F ǫµǫ + t3Gǫµǫ)
− (Γ˜µαǫ + tEµαǫ + t2F µαǫ + t3Gµαǫ)× (Γ˜ǫβµ + tEǫβµ + t2F ǫβµ + t3Gǫβµ), (4.91)
and further setting,
P˜αβ = ∂µΓ˜
µ
αβ − ∂βΓ˜µαµ + Γ˜µαβΓ˜ǫµǫ − Γ˜µαǫΓ˜ǫβµ, (4.92)
Hαβ = ∂µE
µ
αβ − ∂βEµαµ + Γ˜µαβEǫµǫ + Γ˜ǫµǫEµαβ − Γ˜µαǫEǫβµ − Γ˜ǫβµEµαǫ, (4.93)
Iαβ = ∂µF
µ
αβ − ∂βF µαµ + Γ˜µαβF ǫµǫ + Γ˜ǫµǫF µαβ − Γ˜µαǫF ǫβµ − Γ˜ǫβµF µαǫ + EµαβEǫµǫ − EµαǫEǫβµ,
(4.94)
Jαβ = ∂µG
µ
αβ − ∂βGµαµ + Γ˜µαβGǫµǫ + Γ˜ǫµǫGµαβ − Γ˜µαǫGǫβµ − Γ˜ǫβµGµαǫ
+ EµαβF
ǫ
µǫ − EµαǫF ǫβµ + F µαβEǫµǫ − F µαǫEǫβµ, (4.95)
we can write the three-dimensional Ricci tensor in the form,
Pαβ = P˜αβ + tHαβ + t
2Iαβ + t
3Jαβ . (4.96)
For the mixed three-dimensional Ricci tensor we have,
P βα = γ
βµPµα = (
1
t
aβµ−bβµ+tγ(1)βµ+t2γ(2)βµ)×(P˜µα+tHµα+t2Iµα+t3Jµα), (4.97)
and setting,
κβα = a
βµHµα − bβµP˜µα, (4.98)
λβα = a
βµIµα − bβµHµα + (γβµ)(1)P˜µα, (4.99)
µβα = a
βµJµα − bβµIµα + (γβµ)(1)Hµα + (γβµ)(2)P˜µα, (4.100)
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we find that the form of the mixed three-dimensional Ricci tensor is,
P βα =
1
t
P˜ βα + κ
β
α + tλ
β
α + t
2µβα. (4.101)
Finally, we obtain,
P = P αα =
1
t
P˜ + κ + tλ+ t2µ, (4.102)
where obviously,
κ = δαβκ
β
α, (4.103)
λ = δαβλ
β
α (4.104)
µ = δαβµ
β
α. (4.105)
Using the above results, we can write the various components of the Ricci curvature
and its trace expressed in terms of the asymptotic data aαβ , bαβ , cαβ, dαβ.
4.3.4 Singular formal series representation of the Ricci
tensor
Using Eqns. (2.56), (2.57) and (2.58) and the results of the previous Subsec-
tion concerning the quantities Pαβ , the various components of the Ricci curvature
become,
R00 =
3
4t2
− 1
2t
b+ (−2c + 3
4
bβαb
α
β) + (−
9
2
d+
7
2
bβαc
α
β − bβγbγαbαβ)t, (4.106)
R0α =
1
2
(∇βbβα −∇αb) + [(∇βcβα −∇αc)−
1
2
∇β(bβγbγα) +
1
2
∇α(bβγbγβ)]t
+
[
3
2
(∇βdβα −∇αd)−∇β(bβγcγα)−
1
2
∇β(cβγbγα) +
3
2
∇α(bβγcγβ) +
1
2
∇β(bβγbγδ bδα)
− 1
2
∇α(bβγbγδ bδβ)
]
t2, (4.107)
Rβα = −
1
4t2
δβα −
1
4t
(4P˜ βα + 3b
β
α + bδ
β
α) + (−
5
2
cβα +
5
4
bβγb
γ
α −
1
4
bbβα −
1
2
cδβα +
1
4
bδγb
γ
δ δ
β
α − κβα)
+ (−21
4
dβα +
7
2
bβγc
γ
α +
7
4
cβγb
γ
α −
7
4
bβγb
γ
δ b
δ
α −
1
2
bcβα +
1
4
bbβγb
γ
α −
1
2
cbβα +
1
4
bδγb
γ
δ b
β
α −
3
4
dδβα
+
3
4
bδγc
γ
δ δ
β
α −
1
4
bδγb
γ
ǫ b
ǫ
δδ
β
α − λβα)t, (4.108)
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and the scalar curvature becomes an expression of the form,
R =
1
t
R(−1) +R(0) +R(1)t, (4.109)
where explicitly we have,
R = −1
t
(P˜ + 2b) + (−6c− 1
4
b2 +
11
4
bβαb
α
β − κ)
+ (−12d− bc + 11bβαcαβ −
7
2
bβγb
γ
αb
α
β +
1
2
bbβαb
α
β − λ)t. (4.110)
4.3.5 Constraints and snap equation
In terms of aαβ, bαβ , cαβ, dαβ, the hamiltonian constraint (2.80) becomes,
C0 = 1
t3
(
3
2
ǫ(P˜ + 2b)
)
+
1
t2
{
3
4
+ ǫ
[
−1
2
(P˜ 2 − 4b2) + 3
2
(−6c− 1
4
b2 +
11
4
bβαb
α
β − κ)
+ 2aαβ∂α
(
∂β(P˜ + 2b)
)
− 2aαβΓ˜µαβ∂µ(P˜ + 2b)
]}
+
1
t
{
1
2
(P˜ + b) + ǫ
[
(P˜ + 2b)(
1
4
bβαb
α
β −
1
4
b2 − κ)− b(−6c− 1
4
b2 +
11
4
bβαb
α
β − κ)
+
9
2
(−12d− bc + 11bβαcαβ −
7
2
bβγb
γ
αb
α
β +
1
2
bbβαb
α
β − λ)− 2bαβ∂α
(
∂β(P˜ + 2b)
)
− 2aαβ∂α
(
∂β(−6c− 1
4
b2 +
11
4
bδγb
γ
δ − κ)
)
+ 2bαβΓ˜µαβ∂µ(P˜ + 2b)
+ 2aαβΓ˜µαβ∂µ(−6c−
1
4
b2 +
11
4
bδγb
γ
δ − κ)− 2aαβEµαβ∂µ(P˜ + 2b)
]}
= 8πGT 00 . (4.111)
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From (2.81), the momentum constraints become,
Cα = 1
t2
(
−3ǫ∂α(P˜ + 2b)
)
+
1
t
{
ǫ
[
−(P˜ + 2b)(∇βbβα −∇αb) + ∂α(−6c−
1
4
b2 +
11
4
bδγb
γ
δ − κ)
− bβα∂β(P˜ + 2b)
]}
+ t
{
1
2
(∇βbβα −∇αb) + ǫ
[
−2(P˜ + 2b)[(∇βcβα −∇αc)− 12∇β(bβγbγα) + 12∇α(bβγbγβ)]
+ (−6c− 1
4
b2 +
11
4
bδγb
γ
δ − κ)(∇βbβα −∇αb)
− ∂α(−12d− bc+ 11bδγcγδ −
7
2
bβγb
γ
δ b
δ
β +
1
2
bbδγb
γ
δ − λ)
+ bβα∂β(−6c−
1
4
b2 +
11
4
bδγb
γ
δ − κ)− (2cβα − bβγbγα)∂β(P˜ + 2b)
]}
= 8πGT 0α (4.112)
Finally, the snap equation (2.82) gives,
1
t3
(
−9
2
ǫ(P˜ + 2b)
)
+
1
t2
{
−3
4
+ ǫ
[
(P˜ + 2b)(
1
2
P˜ + 2b)− 3
2
(−6c− 1
4
b2 +
11
4
bβαb
α
β − κ)
− 2aαβ∂α
(
∂β(P˜ + 2b)
)
+ 2aαβΓ˜µαβ∂µ(P˜ + 2b) + 6a
αβ∂α
(
∂β(P˜ + 2b)
)
− 6aαβΓ˜µαβ∂µ(P˜ + 2b)
]}
+
1
t
{
−1
2
P˜ +
3
2
b+ ǫ
[
9
2
(−12d− bc+ 11bβαcαβ −
7
2
bγβb
β
αb
α
γ +
1
2
bbβαb
α
β − λ)
+ (P˜ + 2b)(−6c + 9
4
bβαb
α
β −
1
4
b2 − κ)
− (2P˜ + 3b)(−6c− 1
4
b2 +
11
4
bβαb
α
β − κ)− 6aαβEµαβ∂µ(P˜ + 2b)
+ 2bαβ∂α
(
∂β(P˜ + 2b)
)
− 2aαβΓ˜µαβ∂µ(−6c−
1
4
b2 +
11
4
bδγb
γ
δ − κ)
− 2bαβΓ˜µαβ∂µ(P˜ + 2b) + 2aαβEµαβ∂µ(P˜ + 2b)
− 6aαβ∂α
(
∂β(−6c− 1
4
b2 +
11
4
bδγb
γ
δ − κ)
)
− 6bαβ∂α
(
∂β(P˜ + 2b)
)
+ 6aαβΓ˜µαβ∂µ(−6c−
1
4
b2 +
11
4
bδγb
γ
δ − κ)
+ 6bαβΓ˜µαβ∂µ(P˜ + 2b) + 2a
αβ∂α
(
∂β(−6c− 1
4
b2 +
11
4
bδγb
γ
δ − κ)
)]}
= 8πGT αα (4.113)
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We are now ready to write our field equations in terms of the initial data aαβ , bαβ, cαβ ,
dαβ. This will allow us to count how many of the initial data are free.
Chapter 5
Regular universes in higher-order
gravity
In this Chapter, we study the form of the solution of the gravitational field equa-
tions of higher-order gravity in vacuum, as well as in the case of radiation, in the
vicinity of a point that is regular in the time. In Section 5.1, by using the 3-metric
(4.25), we present the higher-order field equations and we calculate the various
quantities of these equations in terms of the initial data aαβ , bαβ , cαβ, dαβ, eαβ. In
Section 5.2, by using (4.25), we study the form of the solution of higher-order
gravity equations in vacuum. In Section 5.3, we also use the same 3-metric to
search for the form of the solution in the case of radiation. Then, in Section 5.4,
we show that the degrees of freedom in both cases remain the same, if the order
of the regular 3-metric becomes greater than 4. Finally, in Section 5.5, we present
the choice of the initial data between the initial functions of the two cases, taking
into account the corresponding function-counting problems of Chapter 2.
5.1 Analytic field equations through regular for-
mal series expansion
In this Section we present the vacuum field equations of higher-order gravity theory
derived from the analytic lagrangian f(R) = R + ǫR2, that is the Eqns. (2.40),
(2.41) and (2.42), through regular formal series expansion (4.25) and find the form
of their solution. We also present the corresponding field equations in the case of
radiation by using the same series.
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5.1.1 Series form of field equations
Taking into consideration the order of the higher-order differential equations in
vacuum, namely that Eqns. (2.40), (2.41) are third-order differential equations
with respect to the proper time t and Eq. (2.42) is fourth-order differential equa-
tion with respect to t (see Section 2.2.1), we find it convenient to use the following
notation:
C0 = (L00)(0) + t(L00)(1), (5.1)
Cα = (L0α)(0) + t(L0α)(1), (5.2)
and,
Lβα = (L
β
α)
(0), (5.3)
in order to simplify our further work. We also use the same notation in the
case of a fluid, because the order of the differential equations (2.67), (2.68) and
(2.69) is correspondingly the same with the order of vacuum differential equations.
Naturally, the five terms (L00)
(0), (L00)
(1), (L0α)
(0), (L0α)
(1), (Lβα)
(0) appearing in (5.1),
(5.2) and (5.3) are not the same in both cases. However, they have the same
dependence on the matrices aαβ , bαβ , cαβ, dαβ, eαβ. For this reason, we present the
dependence for both cases once.
5.1.2 Calculation of the series terms
In terms of aαβ , bαβ , cαβ, dαβ, eαβ, the quantities appearing in these last three equa-
tions, by using the relations (4.44), (4.45), (4.46) and (4.54), become,
(L00)
(0) =
1
2
P (0) − 1
8
bβαb
α
β +
1
8
b2 + ǫ
{
2(−P (0) − 2c+ 3
4
bβαb
α
β −
1
4
b2)(−c+ 1
4
bδγb
γ
δ )
− 1
2
(−P (0) − 2c+ 3
4
bβαb
α
β −
1
4
b2)2
+ b(−bc − 6d+ 5bβαcαβ −
3
2
bβαb
α
γ b
γ
β +
1
2
bβαb
α
βb− P (1))
+ aαβ
[
−2∂α
(
∂β(−P (0) − 2c+ 3
4
bδγb
γ
δ −
1
4
b2)
)
+ aµǫAαβǫ∂µ(−P (0) − 2c+ 3
4
bδγb
γ
δ −
1
4
b2)
]}
, (5.4)
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(L00)
(1) =
1
2
P (1) − 1
4
bβαb
α
βb+
1
4
bβαb
α
γ b
γ
β −
1
2
bβαc
α
β +
1
2
bc
+ ǫ
{
2(−P (0) − 2c+ 3
4
bǫδb
δ
ǫ −
1
4
b2)(−3d+ 2bβαcαβ −
1
2
bβαb
α
γ b
γ
β)
+ 2(−bc− 6d+ 5bβαcαβ −
3
2
bβαb
α
γ b
γ
β +
1
2
bβαb
α
βb− P (1))(−c +
1
4
bǫδb
δ
ǫ)
− (−P (0) − 2c+ 3
4
bǫδb
δ
ǫ −
1
4
b2)(−bc− 6d+ 5bβαcαβ −
3
2
bβαb
α
γ b
γ
β +
1
2
bβαb
α
βb− P (1))
+ 2c(−bc− 6d+ 5bβαcαβ −
3
2
bβαb
α
γ b
γ
β +
1
2
bβαb
α
βb− P (1))
+ 2b(−3
2
bd− c2 − 12e+ 21
2
bβαd
α
β + 5c
β
αc
α
β −
19
2
bβαb
α
γ c
γ
β +
9
4
bβγb
γ
αb
α
δ b
δ
β +
3
2
bβαc
α
βb
+ bβαb
α
βc−
1
2
bγβb
β
αb
α
γ b−
1
4
(bβαb
α
β)
2 − P (2))
+ aαβ
[
−2∂α
(
∂β(−bc− 6d+ 5bδγcγδ −
3
2
bǫδb
δ
γb
γ
ǫ +
1
2
bδγb
γ
δ b− P (1))
)
+ 2Eµαβ∂µ(−P (0) − 2c+
3
4
bδγb
γ
δ −
1
4
b2)
+ aµǫAαβǫ∂µ(−bc− 6d+ 5bδγcγδ −
3
2
bδγb
γ
ζ b
ζ
δ +
1
2
bδγb
γ
δ b− P (1))
]
+ bαβ
[
2∂α
(
∂β(−P (0) − 2c+ 3
4
bδγb
γ
δ −
1
4
b2)
)
− bαβ(−bc− 6d+ 5bδγcγδ −
3
2
bǫδb
δ
γb
γ
ǫ +
1
2
bδγb
γ
δ b− P (1))
− aµǫAαβǫ∂µ(−P (0) − 2c+ 3
4
bδγb
γ
δ −
1
4
b2)
]}
, (5.5)
and,
(L0α)
(0) =
1
2
(∇βbβα −∇αb) + ǫ
[
(−P0 − 2c+ 3
4
bβαb
α
β −
1
4
b2)(∇βbβα −∇αb)
− 2∂α(−bc− 6d+ 5bβαcαβ −
3
2
bβαb
α
γ b
γ
β +
1
2
bβαb
α
βb− P1)
+ bβα∂β(−P0 − 2c+
3
4
bβαb
α
β −
1
4
b2)
]
, (5.6)
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(L0α)
(1) = (∇βcβα −∇αc)−
1
2
∇β(bβγbγα) +
1
2
∇α(bβγbγβ)
+ ǫ
{
2(−P (0) − 2c+ 3
4
bǫδb
δ
ǫ −
1
4
b2)
[
(∇βcβα −∇αc)−
1
2
∇β(bβγbγα) +
1
2
∇α(bβγbγβ)
]
+ (−bc− 6d+ 5bδγcγδ −
3
2
bǫδb
δ
γb
γ
ǫ +
1
2
bδγb
γ
δ b− P (1))(∇βbβα −∇αb)
− 4∂α(−3
2
bd − c2 − 12e+ 21
2
bγβd
β
γ + 5c
γ
βc
β
γ −
19
2
bδγb
γ
βc
β
δ +
9
4
bǫδb
δ
γb
γ
βb
β
ǫ +
3
2
bγβc
β
γb
+ bγβb
β
γc−
1
2
bδγb
γ
βb
β
δ b−
1
4
(bγβb
β
γ )
2 − P (2))
+ bβα∂β(−bc− 6d+ 5bδγcγδ −
3
2
bǫδb
δ
γb
γ
ǫ +
1
2
bδγb
γ
δ b− P (1))
+ (2cβα − bβγbγα)∂β(−P (0) − 2c+
3
4
bǫδb
δ
ǫ −
1
4
b2)
}
, (5.7)
and also,
(Lβα)
(0) = −(P βα )(0) − cβα +
1
2
bβγb
γ
α −
1
4
bβαb−
1
2
δβα(−P (0) − 2c+
3
4
bβαb
α
β −
1
4
b2)
+ ǫ
{
2(−P (0) − 2c+ 3
4
bβαb
α
β −
1
4
b2)
(
−(P βα )(0) − cβα +
1
2
bβγb
γ
α −
1
4
bβαb
)
− bβα(−bc− 6d+ 5bβαcαβ −
3
2
bβαb
α
γ b
γ
β +
1
2
bβαb
α
βb− P (1))
+ aβγ
[
2∂γ
(
∂α(−P (0) − 2c+ 3
4
bβαb
α
β −
1
4
b2)
)
− aµǫAαβǫ∂µ(−P (0) − 2c+ 3
4
bβαb
α
β −
1
4
b2)
]
+ δβα
[
4
(− 3
2
bd− c2 − 12e+ 21
2
bβαd
α
β + 5c
β
αc
α
β −
19
2
bβαb
α
γ c
γ
β
+
9
4
bβγb
γ
αb
α
δ b
δ
β +
3
2
bβαc
α
βb+ b
β
αb
α
βc−
1
2
bγβb
β
αb
α
γ b−
1
4
(bβαb
α
β)
2 − P (2))
− 1
2
(−P (0) − 2c+ 3
4
bβαb
α
β −
1
4
b2)2
+ b(−bc− 6d+ 5bβαcαβ −
3
2
bβαb
α
γ b
γ
β +
1
2
bβαb
α
βb− P (1))
+ aγδ
[
aµǫAγδǫ∂µ(−P (0) − 2c+ 3
4
bβαb
α
β −
1
4
b2)
− 2∂γ
(
∂δ(−P (0) − 2c+ 3
4
bβαb
α
β −
1
4
b2)
)]]}
. (5.8)
5.1.3 Simplification of the terms
We can simplify the five relations (5.4), (5.5), (5.6), (5.7) and (5.8) by using the
trace of the higher-order field equations. Either working with the vacuum field
equations (2.34) or with the field equations in case of radiation (2.64), using Eq.
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(2.77) for w = 1/3, the trace of the energy-momentum tensor reads,
T = 0. (5.9)
Then, the trace of the field equations in both cases gives the identity,
R− 6ǫgR = 0. (5.10)
Because of (2.45) and (4.53) the last identity reads,
R(0) − 6ǫ
{
2R(2) − aαβ
[
∂α
(
∂βR
(0)
)− 1
2
bαβR
(1) − 1
2
aµǫAαβǫ∂µR
(0)
]}
= 0, (5.11)
and in terms of aαβ , bαβ, cαβ , dαβ, eαβ we obtain,
6ǫ
{
2
(
−3
2
bd− c2 − 12e+ 21
2
bβαd
α
β + 5c
β
αc
α
β −
19
2
bβαb
α
γ c
γ
β +
9
4
bβγb
γ
αb
α
δ b
δ
β +
3
2
bβαc
α
βb
+ bβαb
α
βc−
1
2
bγβb
β
αb
α
γ b−
1
4
(bβαb
α
β)
2 − P (2)
)
− aαβ
[
∂α
(
∂β(−P (0) − 2c+ 3
4
bδγb
γ
δ −
1
4
b2)
)
− 1
2
bαβ
(
−bc− 6d+ 5bδγcγδ −
3
2
bǫδb
δ
γb
γ
ǫ +
1
2
bδγb
γ
δ b− P (1)
)
− 1
2
aµǫAαβǫ∂µ
(
−P (0) − 2c+ 3
4
bδγb
γ
δ −
1
4
b2
)]}
= −P (0) − 2c+ 3
4
bβαb
α
β −
1
4
b2. (5.12)
Then, using the identity (5.12), Eqns. (5.4), (5.5), (5.6), (5.7) and (5.8) take the
form,
(L00)
(0) =
1
6
P (0) +
1
8
bβαb
α
β +
1
24
b2 − 2
3
c+ ǫ
[
2(−P (0) − 2c+ 3
4
bβαb
α
β −
1
4
b2)(−c + 1
4
bδγb
γ
δ )
− 1
2
(−P (0) − 2c+ 3
4
bβαb
α
β −
1
4
b2)2
− 4
(
−3
2
bd − c2 − 12e+ 21
2
bβαd
α
β + 5c
β
αc
α
β −
19
2
bβαb
α
γ c
γ
β +
9
4
bβγb
γ
αb
α
δ b
δ
β +
3
2
bβαc
α
βb
+ bβαb
α
βc−
1
2
bγβb
β
αb
α
γ b−
1
4
(bβαb
α
β)
2 − P (2)
)]
, (5.13)
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(L00)
(1) =
1
2
P (1) − 1
4
bβαb
α
βb+
1
4
bβαb
α
γ b
γ
β −
1
2
bβαc
α
β +
1
2
bc
+ ǫ
{
2(−P (0) − 2c+ 3
4
bǫδb
δ
ǫ −
1
4
b2)(−3d+ 2bβαcαβ −
1
2
bβαb
α
γ b
γ
β)
+ 2(−bc− 6d+ 5bβαcαβ −
3
2
bβαb
α
γ b
γ
β +
1
2
bβαb
α
βb− P (1))(−c +
1
4
bǫδb
δ
ǫ)
− (−P (0) − 2c+ 3
4
bǫδb
δ
ǫ −
1
4
b2)(−bc− 6d+ 5bβαcαβ −
3
2
bβαb
α
γ b
γ
β +
1
2
bβαb
α
βb− P (1))
+ 2c(−bc− 6d+ 5bβαcαβ −
3
2
bβαb
α
γ b
γ
β +
1
2
bβαb
α
βb− P (1))
+ 2b(−3
2
bd− c2 − 12e+ 21
2
bβαd
α
β + 5c
β
αc
α
β −
19
2
bβαb
α
γ c
γ
β +
9
4
bβγb
γ
αb
α
δ b
δ
β +
3
2
bβαc
α
βb
+ bβαb
α
βc−
1
2
bγβb
β
αb
α
γ b−
1
4
(bβαb
α
β)
2 − P (2))
+ aαβ
[
−2∂α
(
∂β(−bc− 6d+ 5bδγcγδ −
3
2
bǫδb
δ
γb
γ
ǫ +
1
2
bδγb
γ
δ b− P (1))
)
+ 2Eµαβ∂µ(−P (0) − 2c+
3
4
bδγb
γ
δ −
1
4
b2)
+ aµǫAαβǫ∂µ(−bc− 6d+ 5bδγcγδ −
3
2
bδγb
γ
ζ b
ζ
δ +
1
2
bδγb
γ
δ b− P (1))
]
+ bαβ
[
2∂α
(
∂β(−P (0) − 2c+ 3
4
bδγb
γ
δ −
1
4
b2)
)
− bαβ(−bc− 6d+ 5bδγcγδ −
3
2
bǫδb
δ
γb
γ
ǫ +
1
2
bδγb
γ
δ b− P (1))
− aµǫAαβǫ∂µ(−P (0) − 2c+ 3
4
bδγb
γ
δ −
1
4
b2)
]}
, (5.14)
and,
(L0α)
(0) =
1
2
(∇βbβα −∇αb) + ǫ
[
(−P0 − 2c+ 3
4
bβαb
α
β −
1
4
b2)(∇βbβα −∇αb)
− 2∂α(−bc− 6d+ 5bβαcαβ −
3
2
bβαb
α
γ b
γ
β +
1
2
bβαb
α
βb− P1)
+ bβα∂β(−P0 − 2c+
3
4
bβαb
α
β −
1
4
b2)
]
, (5.15)
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(L0α)
(1) = (∇βcβα −∇αc)−
1
2
∇β(bβγbγα) +
1
2
∇α(bβγbγβ)
+ ǫ
{
2(−P (0) − 2c+ 3
4
bǫδb
δ
ǫ −
1
4
b2)
[
(∇βcβα −∇αc)−
1
2
∇β(bβγbγα) +
1
2
∇α(bβγbγβ)
]
+ (−bc− 6d+ 5bδγcγδ −
3
2
bǫδb
δ
γb
γ
ǫ +
1
2
bδγb
γ
δ b− P (1))(∇βbβα −∇αb)
− 4∂α(−3
2
bd − c2 − 12e+ 21
2
bγβd
β
γ + 5c
γ
βc
β
γ −
19
2
bδγb
γ
βc
β
δ +
9
4
bǫδb
δ
γb
γ
βb
β
ǫ +
3
2
bγβc
β
γb
+ bγβb
β
γc−
1
2
bδγb
γ
βb
β
δ b−
1
4
(bγβb
β
γ )
2 − P (2))
+ bβα∂β(−bc− 6d+ 5bδγcγδ −
3
2
bǫδb
δ
γb
γ
ǫ +
1
2
bδγb
γ
δ b− P (1))
+ (2cβα − bβγbγα)∂β(−P (0) − 2c+
3
4
bǫδb
δ
ǫ −
1
4
b2)
}
, (5.16)
and,
(Lβα)
(0) = −(P βα )(0) − cβα +
1
2
bβγb
γ
α −
1
4
bβαb+ δ
β
α(
1
6
P (0) − 1
8
bδγb
γ
δ +
1
24
b2 +
1
3
c)
+ ǫ
{
2(−P (0) − 2c+ 3
4
bβαb
α
β −
1
4
b2)
(
−(P βα )(0) − cβα +
1
2
bβγb
γ
α −
1
4
bβαb
)
− bβα(−bc− 6d+ 5bβαcαβ −
3
2
bβαb
α
γ b
γ
β +
1
2
bβαb
α
βb− P (1))
+ aβγ
[
2∂γ
(
∂α(−P (0) − 2c+ 3
4
bβαb
α
β −
1
4
b2)
)
− aµǫAαβǫ∂µ(−P (0) − 2c+ 3
4
bβαb
α
β −
1
4
b2)
]
− 1
2
δβα
(
−P (0) − 2c+ 3
4
bδγb
γ
δ −
1
4
b2
)2}
. (5.17)
We now proceed to find the form of the solution of the higher-order gravitanional
field equations in vacuum, in the vicinity of a point that is regular in the time.
5.2 Regular vacuum field equations
In this Section, we find the degrees of freedom of the vacuum field equations in
R + ǫR2 theory through regular formal series expansion of the form (4.25).
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5.2.1 First approximation of the vacuum field equations
Taking into account the vacuum field equations (2.40), (2.41) and (2.42), and using
the notation of Subsection 5.1.1, we write,
0 = C0 = (L00)(0) + t(L00)(1), (5.18)
0 = Cα = (L0α)(0) + t(L0α)(1), (5.19)
and also,
0 = Lβα = (L
β
α)
(0). (5.20)
Apparently, from Eqns. (5.18), (5.19) and (5.20), we find that,
(L00)
(0) = 0, (5.21)
(L00)
(1) = 0, (5.22)
(L0α)
(0) = 0, (5.23)
(L0α)
(1) = 0, (5.24)
(Lβα)
(0) = 0. (5.25)
These last five equations give 14 relations between the initial data aαβ , bαβ, cαβ , dαβ,
eαβ . However, in the following analysis, we show that the first-order terms (L
0
0)
(1),
(L0α)
(1) do not eventually imply four relations between the initial data, due to the
fact that they are going to be proved identically equal to zero. Thus, we conclude
that only 10 relations of them remain.
5.2.2 First-order terms of the vacuum field equations
In order to prove that the first-order terms (L00)
(1), (L0α)
(1) vanish identically, we
use the identity (2.66), namely that,
∇0L0j +∇βLβj = 0, (5.26)
for j = 0 and j = α. In particular, for j = 0 we find,
∂tL
0
0 − γαβ∇βL0α = 0, (5.27)
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that is using (4.28), (5.18) and (5.19), we write,
(L00)
(1) − (γαβ)(0)∇β(L0α)(0) = 0. (5.28)
Taking into account the relation (5.23), we directly conclude that the term (L00)
(1)
vanishes identically.
Working analogously, for j = α we have,
∂tL
0
α −
1
2
KβαL
0
β +∇βLβα = 0, (5.29)
that is using (4.32), (5.19) and (5.20) we find,
(L0α)
(1) − 1
2
(Kβα)
(0)(L0β)
(0) +∇β(Lβα)(0) = 0. (5.30)
Because of the relations (5.23) and (5.25), we find that the term (L0α)
(1) also
vanishes identically.
5.2.3 Degrees of freedom of the vacuum field equations
Taking into consideration that the expression (4.25) contains 30 degrees of freedom
(six of each spatial matrix γ
(n)
αβ , n = 0, · · · , 4), the problem we are faced with is,
what the initial number of thirty free functions becomes, after the imposition of
the higher-order evolution and constraint equations, that is how it finally compares
with the 16 degrees of freedom that any general solution in vacuum must posses
as shown in Section 2.2.4.
According to the results of the previous subsection, namely that the first-
order terms (L00)
(1), (L0α)
(1) of the vacuum field equations (5.18) and (5.19) are
identically equal to zero, the number of the relations between the initial data
aαβ , bαβ, cαβ , dαβ,
eαβ that the five Eqns. (5.21)-(5.25) provide is finally equal to 10. In particular,
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the 10 relations are,
1
6
P (0) +
1
8
bβαb
α
β +
1
24
b2 − 2
3
c = ǫ
[
2(−P (0) − 2c+ 3
4
bβαb
α
β −
1
4
b2)(c− 1
4
bδγb
γ
δ )
+
1
2
(−P (0) − 2c+ 3
4
bβαb
α
β −
1
4
b2)2
+ 4
(
−3
2
bd− c2 − 12e+ 21
2
bβαd
α
β + 5c
β
αc
α
β −
19
2
bβαb
α
γ c
γ
β
+
9
4
bβγb
γ
αb
α
δ b
δ
β +
3
2
bβαc
α
βb+ b
β
αb
α
βc−
1
2
bγβb
β
αb
α
γ b
− 1
4
(bβαb
α
β)
2 − P (2)
)]
, (5.31)
1
2
(∇βbβα −∇αb) = ǫ
[
(−P0 − 2c+ 3
4
bβαb
α
β −
1
4
b2)(∇αb−∇βbβα)
+ 2∂α(−bc− 6d+ 5bβαcαβ −
3
2
bβαb
α
γ b
γ
β +
1
2
bβαb
α
βb− P1)
− bβα∂β(−P0 − 2c+
3
4
bβαb
α
β −
1
4
b2)
]
, (5.32)
and,
ǫ
{
2(−P (0) − 2c+ 3
4
bβαb
α
β −
1
4
b2)
(
−(P βα )(0) − cβα +
1
2
bβγb
γ
α −
1
4
bβαb
)
− bβα(−bc− 6d+ 5bβαcαβ −
3
2
bβαb
α
γ b
γ
β +
1
2
bβαb
α
βb− P (1))
+ aβγ
[
2∂γ
(
∂α(−P (0) − 2c+ 3
4
bβαb
α
β −
1
4
b2)
)
− aµǫAαβǫ∂µ(−P (0) − 2c+ 3
4
bβαb
α
β −
1
4
b2)
]
− 1
2
δβα
(
−P (0) − 2c+ 3
4
bβαb
α
β −
1
4
b2
)2}
= (P βα )
(0) + cβα −
1
2
bβγb
γ
α +
1
4
bβαb
− δβα(
1
6
P (0) − 1
8
bβαb
α
β +
1
24
b2 +
1
3
c). (5.33)
Hence, in total, we find that the imposition of the field equations leads to
10 relations between the 30 functions of the perturbation metric (4.25), that is,
we are left with 20 free functions. Taking into account the freedom we have in
performing 4 diffeomorphism changes, we finally conclude that there are in total
16 free functions in the solution (4.25). This means that the regular solution (4.25)
corresponds to a general solution of the problem. To put it differently, regularity
is a generic feature of the R + ǫR2 theory in vacuum, assuming analyticity (see
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[120, 121]).
5.3 Regular field equations in case of radiation
In this Section, we find the degrees of freedom of the gravitational field equations
in R + ǫR2 theory plus radiation through regular formal series expansion of the
form (4.25).
5.3.1 Field equations in case of radiation
According to the relations (2.74), (2.75) and (2.76) and the equation of state
(p =
ρ
3
) in case of radiation models, the components of the energy-momentum
tensor T ij become,
T 00 =
1
3
ρ(4u0
2 − 1), (5.34)
T 0α =
4
3
ρuαu0, (5.35)
and,
T βα =
1
3
ρ(4uβuα − δβα). (5.36)
Also for the trace of the energy-momentum tensor we obtain,
T = trTij = 0. (5.37)
Taking into account Eqns. (5.34), (5.35) and (5.36), the gravitational field equa-
tions (2.67), (2.68) and (2.69), and the notation of Subsection 5.1.1 we obtain,
8πG
3
ρ(4u0
2 − 1) = C0 = (L00)(0) + t(L00)(1), (5.38)
32πG
3
ρuαu0 = Cα = (L0α)(0) + t(L0α)(1), (5.39)
and,
8πG
3
ρ(4uβuα − δβα) = Lβα = (Lβα)(0), (5.40)
where the terms appearing in these last three relations are given by (5.13)-(5.17).
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Further, using the identity (2.71), we get,
1 = uiu
i ≈ u02 −
[
aαβ − bαβt + (bαγ bβγ − cαβ) t2
+
(
−dαβ + bαγ cβγ − bαγ bδγ bβδ + cαγ bβγ
)
t3
+
(
−eαβ + bαγdβγ − bαγbδγ cβδ + cαγ cβγ + dαγ bβγ − bαγ cδγbβδ + bαγbδγbǫδbβǫ
− cαγ bδγbβδ
)
t4
]
uαuβ. (5.41)
Considering,
u0 ≈ 1, (5.42)
namely that,
aαβuαuβ → 0 (5.43)
when t tends to zero, the system of equations (5.38), (5.39) and (5.40) gives (to
lowest order),
8πGρ = C0 = (L00)(0) + t(L00)(1), (5.44)
32πG
3
ρuα = Cα = (L0α)(0) + t(L0α)(1), (5.45)
and also,
− 8πG
3
ρδβα = L
β
α = (L
β
α)
(0). (5.46)
We are now ready to find the degrees of freedom of the gravitational field equations
in case of radiation.
5.3.2 Degrees of freedom of the field equations in case of
radiation
Taking into consideration that the 36 initial data consisting of the quantities
aαβ , bαβ, cαβ , dαβ, eαβ together with p, ρ, u
i are related through the Eqns. (5.44),
(5.45), (5.46), the equation of state (4.11) and the identity (5.41), the problem
we are faced with is, what the initial number of 36 free functions becomes, after
the imposition of the higher-order evolution and constraint equations, that is how
it finally compares with the 20 degrees of freedom that any general solution in
vacuum must posses as shown in Subsection 2.3.3.
Obviously, Eq. (5.44) gives one relation for the energy density ρ. Then, if
we consider (L0α)
(0) 6= 0, and substitute ρ from Eq. (5.44) to Eq. (5.45), we find
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that,
uα =
3(L0α)
(0)
4(L00)
(0)
. (5.47)
However, this last expression for the velocities uα does not satisfy (5.43), and
therefore is not acceptable. Thus, we find three relations between the initial data
aαβ , bαβ, cαβ , dαβ, namely,
0 = (L0α)
(0) =
1
2
(∇βbβα −∇αb) + ǫ
[
(−P0 − 2c+ 3
4
bβαb
α
β −
1
4
b2)(∇βbβα −∇αb)
− 2∂α(−bc− 6d+ 5bβαcαβ −
3
2
bβαb
α
γ b
γ
β +
1
2
bβαb
α
βb− P1)
+ bβα∂β(−P0 − 2c+
3
4
bβαb
α
β −
1
4
b2)
]
. (5.48)
Then, because of the identity (5.28), the term (L00)
(1) is identically equal to zero.
This means that,
8πGρ = (L00)
(0) = constant, (5.49)
with respect to t, which is consistent with the result obtained from the generalized
Friedmann equation (4.23) regarding the form (4.9). This last equation reads,
8πGρ =
1
6
P (0) +
1
8
bβαb
α
β +
1
24
b2 − 2
3
c+ ǫ
[
2(−P (0) − 2c+ 3
4
bβαb
α
β −
1
4
b2)(−c+ 1
4
bδγb
γ
δ )
− 1
2
(−P (0) − 2c+ 3
4
bβαb
α
β −
1
4
b2)2
− 4
(
−3
2
bd − c2 − 12e+ 21
2
bβαd
α
β + 5c
β
αc
α
β −
19
2
bβαb
α
γ c
γ
β +
9
4
bβγb
γ
αb
α
δ b
δ
β +
3
2
bβαc
α
βb
+ bβαb
α
βc−
1
2
bγβb
β
αb
α
γ b−
1
4
(bβαb
α
β)
2 − P (2)
)]
. (5.50)
Further, using Eq. (5.48), we find three accepted relations concerning the velocities
uα, namely,
uα =
3(L0α)
(1)
4(L00)
(0)
t, (5.51)
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We note that the quantity (L00)
(0) must not be equal to zero. Equation (5.51)
reads,
uα =
3t
4
{
(∇βcβα −∇αc)−
1
2
∇β(bβγbγα) +
1
2
∇α(bβγbγβ)
+ ǫ
[
2(−P (0) − 2c+ 3
4
bǫδb
δ
ǫ −
1
4
b2)[(∇βcβα −∇αc)−
1
2
∇β(bβγbγα) +
1
2
∇α(bβγbγβ)]
+ (−bc− 6d+ 5bδγcγδ −
3
2
bǫδb
δ
γb
γ
ǫ +
1
2
bδγb
γ
δ b− P (1))(∇βbβα −∇αb)
− 4∂α(−3
2
bd − c2 − 12e+ 21
2
bγβd
β
γ + 5c
γ
βc
β
γ −
19
2
bδγb
γ
βc
β
δ +
9
4
bǫδb
δ
γb
γ
βb
β
ǫ +
3
2
bγβc
β
γb
+ bγβb
β
γc−
1
2
bδγb
γ
βb
β
δ b−
1
4
(bγβb
β
γ)
2 − P (2))
+ bβα∂β(−bc− 6d+ 5bδγcγδ −
3
2
bǫδb
δ
γb
γ
ǫ +
1
2
bδγb
γ
δ b− P (1))
+ (2cβα − bβγbγα)∂β(−P (0) − 2c+
3
4
bǫδb
δ
ǫ −
1
4
b2)
]}
×
{
1
6
P (0) +
1
8
bβαb
α
β +
1
24
b2 − 2
3
c + ǫ
[
2(−P (0) − 2c+ 3
4
bβαb
α
β −
1
4
b2)(−c+ 1
4
bδγb
γ
δ )
− 1
2
(−P (0) − 2c+ 3
4
bβαb
α
β −
1
4
b2)2
− 4
(
−3
2
bd − c2 − 12e+ 21
2
bβαd
α
β + 5c
β
αc
α
β −
19
2
bβαb
α
γ c
γ
β +
9
4
bβγb
γ
αb
α
δ b
δ
β +
3
2
bβαc
α
βb
+ bβαb
α
βc−
1
2
bγβb
β
αb
α
γ b−
1
4
(bβαb
α
β)
2 − P (2)
)]}
−1
. (5.52)
Also, substituting ρ from (5.44) to (5.46) we find that the zeroth-order terms give,
(Lβα)
(0) = −1
3
δβα(L
0
0)
(0), (5.53)
namely that,
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−(P βα )(0) − cβα +
1
2
bβγb
γ
α −
1
4
bβαb+ δ
β
α(
1
6
P (0) − 1
8
bδγb
γ
δ +
1
24
b2 +
1
3
c)
+ ǫ
{
2(−P (0) − 2c+ 3
4
bβαb
α
β −
1
4
b2)
(
−(P βα )(0) − cβα +
1
2
bβγb
γ
α −
1
4
bβαb
)
− bβα(−bc− 6d+ 5bβαcαβ −
3
2
bβαb
α
γ b
γ
β +
1
2
bβαb
α
βb− P (1))
+ aβγ
[
2∂γ
(
∂α(−P (0) − 2c+ 3
4
bβαb
α
β −
1
4
b2)
)
− aµǫAαβǫ∂µ(−P (0) − 2c+ 3
4
bβαb
α
β −
1
4
b2)
]
− 1
2
δβα
(
−P (0) − 2c+ 3
4
bδγb
γ
δ −
1
4
b2
)2}
= −1
3
δβα
{
1
6
P (0) +
1
8
bδγb
γ
δ +
1
24
b2 − 2
3
c
+ ǫ
[
2(−P (0) − 2c+ 3
4
bδγb
γ
δ −
1
4
b2)(−c+ 1
4
bδγb
γ
δ )−
1
2
(−P (0) − 2c+ 3
4
bδγb
γ
δ −
1
4
b2)2
− 4
(
−3
2
bd − c2 − 12e+ 21
2
bδγd
γ
δ + 5c
δ
γc
γ
δ −
19
2
bǫδb
δ
γc
γ
ǫ +
9
4
bζǫ b
ǫ
δb
δ
γb
γ
ζ +
3
2
bδγc
γ
δ b
+ bδγb
γ
δ c−
1
2
bǫδb
δ
γb
γ
ǫ b−
1
4
(bδγb
γ
δ )
2 − P (2)
)]}
. (5.54)
which constitute six additional relations between the initial data. Notice that the
trace of Eq. (5.53) yields the identity (5.11).
To sum up, from Eqns. (5.48), (5.49), (5.51) and (5.53), we found one
relation for the energy density ρ, three relations for the velocities uα and nine
more relations regarding the initial data aαβ , bαβ , cαβ, dαβ, eαβ. In adition to this,
we have to count two additional relations: one relation from the equation of state
(4.11) and one more from the identity (5.41). Thus, the imposition of the field
equations in case of radiation leads to 15 relations between the 36 functions of the
perturbation metric (4.25), that is, we are left with 21 free functions. Subtracting
4 diffeomorphism transformations, we finally conclude that there are in total 17
free functions in the solution (4.25) in case of radiation. This means that, the
regular solution (4.25) does not correspond to a general solution of the problem.
Therefore, assuming analyticity, regularity is not a generic feature of the R+ ǫR2
theory in case of radiation.
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5.4 Degrees of freedom with γαβ =
∑
γ
(n)
αβ t
n, n ≥ 4
In this Section, we show that the number of the degrees of freedom of the grav-
itational field equations in R + ǫR2 theory is the same, if instead of the regular
expression (4.25), we consider a regular expression of the form,
γαβ =
∑
γ
(n)
αβ t
n, n ≥ 4. (5.55)
In particular, we prove this statement in both cases (vacuum-radiation).
5.4.1 Field equations with γαβ =
∑
γ
(n)
αβ t
n, n ≥ 4
We now consider what would change or not in the result of free functions, if we
did not use the series in (4.25) up to the fourth power of t, but up to the nth
power of t, where n is a natural number, with n ≥ 4. Then, we would have the
30 initial data from aαβ, bαβ , cαβ, dαβ, eαβ and more 6 × (n − 4) initial data from
the aditional spatial matrixes γ
(n)
αβ , n > 4, which means 6n+6 initial data in total
for the spatial matrixes appearing in (5.55). From (2.62) and (2.63) we find that
C0 and Cα are third order differential equations with respect to t and from (2.55)
snap equation is a fourth order differential equation with respect to t, therefore
relations (5.1), (5.2) and (5.3) become:
C0 = (L00)(0) + t(L00)(1) + · · ·+ tn−3(L00)(n−3), (5.56)
Cα = (L0α)(0) + t(L0α)(1) + · · ·+ tn−3(L0α)(n−3), (5.57)
and,
Lβα = (L
β
α)
(0) + t(Lβα)
(1) + · · ·+ tn−4(Lβα)(n−4). (5.58)
5.4.2 Degrees of freedom with γαβ =
∑
γ
(n)
αβ t
n, n ≥ 4 in vac-
uum
In order to have the same conclusion as in the case of n = 4, which is 16 arbitrary
functions for the regular solution of the higher-order equations in vacuum, we must
show that the derived system of equations in vacuum, namely,
0 = C0 = (L00)(0) + t(L00)(1) + · · ·+ tn−3(L00)(n−3), (5.59)
0 = Cα = (L0α)(0) + t(L0α)(1) + · · ·+ tn−3(L0α)(n−3), (5.60)
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and,
0 = Lβα = (L
β
α)
(0) + t(Lβα)
(1) + · · ·+ tn−4(Lβα)(n−4), (5.61)
provide 6n − 14 relations between the initial data γ(m)αβ , m = 0, 1, ..., n. To make
it clearer, if we subtract from the initial 6n+ 6 data the number 6n− 14, we find
20 data. Further, taking into consideration four diffeomorphism transformations,
we end up with the number 16.
Notice that the relations that we get from (L00)
(0), (L0α)
(0) and from (Lβα)
(i),
for i = 0, 1, ..., n − 4 are 6n − 14, that is the number we would like to have.
Therefore we must prove the statement that the terms (L00)
(j) and (L0α)
(j) vanish
identically for any j = 1, 2, ..., n − 3 and consequently they do not change the
expected number of the initial data.
Following the method of induction, in step 1, for n = 4, we have already
shown that this holds, due to the fact that the terms (L00)
(1) and (L0α)
(1) vanish
identically by using the identity (5.26).
In step 2, we suppose that our statement holds when n = k, where k is a
natural number, with k ≥ 4, namely, that the terms (L00)(j) and (L0α)(j) vanish
identically for any j = 1, 2, ..., k − 3.
We now prove that our statement stands for n = k + 1. Indeed, using the
identity (5.27), we find,
(L00)
(1) − (γαβ)(0)∇β(L0α)(0)
+
n−4∑
l=1
{[(l + 1)(L00)(l+1) −
l∑
m=0
(γαβ)(m)∇β(L0α)(l−m)]tl} = 0, (5.62)
and then, for the k − 3 order term (l = k − 3), we obtain,
(k − 2)(L00)(k−2) −
k−3∑
m=0
(γαβ)(m)∇β(L0α)(k−3−m) = 0. (5.63)
From step 2, due to the fact that k − 3 − m ≤ k − 3, we get that the term
(L0α)
(k−3−m) is identically zero and thus the term L00
(k−2)
vanishes identically.
Also, using the other identity (5.29), we have,
(L0α)
(1) − 1
2
(Kβα)
(0)(L0β)
(0) +∇β(Lβα)(0)
+
n−4∑
l=1
{[(l + 1)(L0α)(l+1) −
1
2
l∑
m=0
(Kβα)
(m)(L0β)
(l−m) +∇β(Lβα)(l)]tl} = 0,
(5.64)
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and also for the k − 3 order term, we get,
(k − 2)(L0α)(k−2) −
1
2
k−3∑
m=0
(Kβα)
(m)(L0β)
(k−3−m) +∇β(Lβα)(k−3) = 0. (5.65)
According to step 2, due to the fact that k − 3−m ≤ k − 3, we also get that the
term (L0β)
(k−3−m) is identically zero. In addition to this, we have already counted
the six relations given by the term (Lβα)
(k−3) ((Lβα)
(i) = 0, for i = 0, 1, ..., n−4, but
not identically), and therefore the remaining term (L0α)
(k−2) vanishes identically.
Hence, without loss of generality, we can study the problem of finding the
number of the arbitrary functions in the regular case in vacuum, by using (4.25).
5.4.3 Degrees of freedom with γαβ =
∑
γ
(n)
αβ t
n, n ≥ 4 in the
case of radiation
In the case of radiation the system of the gravitational field equations becomes,
8πG
3
ρ(4u0
2 − 1) = C0 = (L00)(0) + t(L00)(1) + · · ·+ tn−3(L00)(n−3), (5.66)
32πG
3
ρuαu0 = Cα = (L0α)(0) + t(L0α)(1) + · · ·+ tn−3(L0α)(n−3), (5.67)
and,
8πG
3
ρ(4uβuα − δβα) = Lβα = (Lβα)(0) + t(Lβα)(1) + · · ·+ tn−4(Lβα)(n−4). (5.68)
Taking into account identity (5.41) and relation (5.42), the above system is mod-
ified in its final form as follows:
8πGρ = C0 = (L00)(0) + t(L00)(1) + · · ·+ tn−3(L00)(n−3), (5.69)
32πG
3
ρuα = Cα = (L0α)(0) + t(L0α)(1) + · · ·+ tn−3(L0α)(n−3), (5.70)
and,
− 8πG
3
ρδβα = L
β
α = (L
β
α)
(0) + t(Lβα)
(1) + · · ·+ tn−4(Lβα)(n−4). (5.71)
Here we have 6n + 12 initial data in total (6n + 6 by the spatial matrixes γ
(m)
αβ ,
m = 1, 2, ..., n and 6 more by p, ρ, ui). Because of the equation of state (4.11), the
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identity (5.41) and the four diffeomorphism changes, we also need to prove that
the derived relations by the system (5.69)-(5.71) are equal to 6n− 11.
From Eq. (5.69) we find one relation for the energy density ρ. Because of
(5.43), we must have that,
(L0α)
(0) = 0, (5.72)
namely that,
0 = (L0α)
(0) =
1
2
(∇βbβα −∇αb) + ǫ
[
(−P0 − 2c+ 3
4
bβαb
α
β −
1
4
b2)(∇βbβα −∇αb)
− 2∂α(−bc− 6d+ 5bβαcαβ −
3
2
bβαb
α
γ b
γ
β +
1
2
bβαb
α
βb− P1)
+ bβα∂β(−P0 − 2c+
3
4
bβαb
α
β −
1
4
b2)
]
, (5.73)
and due to the identity (5.28), the term (L00)
(1) vanishes identically.
Then, substituting ρ from Eq. (5.69) in (5.70), we obtain three relations for
the velocities, namely,
uα =
3(L0α)
(1)
4(L00)
(0)
t, (5.74)
or,
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uα =
3t
4
{
(∇βcβα −∇αc)−
1
2
∇β(bβγbγα) +
1
2
∇α(bβγbγβ)
+ ǫ
[
2(−P (0) − 2c+ 3
4
bǫδb
δ
ǫ −
1
4
b2)[(∇βcβα −∇αc)−
1
2
∇β(bβγbγα) +
1
2
∇α(bβγbγβ)]
+ (−bc− 6d+ 5bδγcγδ −
3
2
bǫδb
δ
γb
γ
ǫ +
1
2
bδγb
γ
δ b− P (1))(∇βbβα −∇αb)
− 4∂α(−3
2
bd − c2 − 12e+ 21
2
bγβd
β
γ + 5c
γ
βc
β
γ −
19
2
bδγb
γ
βc
β
δ +
9
4
bǫδb
δ
γb
γ
βb
β
ǫ +
3
2
bγβc
β
γb
+ bγβb
β
γc−
1
2
bδγb
γ
βb
β
δ b−
1
4
(bγβb
β
γ)
2 − P (2))
+ bβα∂β(−bc− 6d+ 5bδγcγδ −
3
2
bǫδb
δ
γb
γ
ǫ +
1
2
bδγb
γ
δ b− P (1))
+ (2cβα − bβγbγα)∂β(−P (0) − 2c+
3
4
bǫδb
δ
ǫ −
1
4
b2)
]}
×
{
1
6
P (0) +
1
8
bβαb
α
β +
1
24
b2 − 2
3
c + ǫ
[
2(−P (0) − 2c+ 3
4
bβαb
α
β −
1
4
b2)(−c+ 1
4
bδγb
γ
δ )
− 1
2
(−P (0) − 2c+ 3
4
bβαb
α
β −
1
4
b2)2
− 4
(
−3
2
bd − c2 − 12e+ 21
2
bβαd
α
β + 5c
β
αc
α
β −
19
2
bβαb
α
γ c
γ
β +
9
4
bβγb
γ
αb
α
δ b
δ
β +
3
2
bβαc
α
βb
+ bβαb
α
βc−
1
2
bγβb
β
αb
α
γ b−
1
4
(bβαb
α
β)
2 − P (2)
)]}
−1
. (5.75)
Finally, substituting ρ from (5.69) to (5.71), we find that,
(Lβα)
(k) = −1
3
δβα(L
0
0)
(k), (5.76)
where k = 0, 1, ..., n − 4. Thus, Eqns. (5.76) give 6n − 18 relations between the
initial data aαβ, bαβ , cαβ, dαβ, eαβ . Then, Eqns. (5.69), (5.72), (5.74) and (5.76)
give 6n− 11 relations in total.
Therefore, similarly to the case of vacuum, without loss of generality, we can
study the problem of finding the number of the arbitrary functions in the regular
case in radiation models, using (4.25).
To show the connection between the results in general relativity and higher-
order gravity, in Appendix A we give details concerning the regular case of vacuum
and radiation models in general relativity.
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5.5 Choice of the initial data
The question emerging now is: In case of vacuum, out of the 30 different functions
aαβ , bαβ, cαβ , dαβ, eαβ , and in case of radiation out of the 36 different functions
aαβ , bαβ, cαβ , dαβ, eαβ , p, ρ, u
i which sixteen-twenty of those should be chosen as
our initial data?
5.5.1 Initial data in vacuum
We have shown in Subsection 2.2.4 that the vacuum higher-order gravity equations
(2.52), (2.53), (2.54) and (2.55) together with the constraints (2.62) and (2.63),
admit a regular formal series expansion of the form (4.25) as a general solution
requiring 16 smooth initial data. If we prescribe the thirty data
aαβ , bαβ , cαβ, dαβ, eαβ, (5.77)
initially, we still have the freedom to fix 14 of them. We choose to leave the six
components of the metric aαβ free, and we choose the four symmetric space tensors
bαβ , cαβ, dαβ and eαβ to be traceless with respect to aαβ . Then, we proceed to count
the number of free functions in several steps, starting from these 6 + 4 × 5 = 26
functions. Firstly, (5.21) fixes one of the components of bαβ and Eq. (5.23) fixes
3 more components of bαβ , thus leaving bαβ with one component. Further, we use
the 6 relations in (5.25) to completely fix the remaining 5 components of cαβ and
the last of bαβ . Summing up the free functions we have found, we end up with,
6︸︷︷︸
from aαβ
+ 0︸︷︷︸
from bαβ
+ 0︸︷︷︸
from cαβ
+ 10︸︷︷︸
from dαβ and eαβ
= 16 (5.78)
suitable free data as required for the solution to be a general one. We thus arrive
at the following result which summarizes what we have shown in this Section, and
generalizes a theorem of Rendall [98] for higher order gravity theories that derive
from the lagrangian R + ǫR2.
Theorem 5.1. Let aαβ be a smooth Riemannian metric , bαβ , cαβ, dαβ and eαβ be
symmetric smooth tensor fields which are traceless with respect to the metric aαβ,
i.e., they satisfy b = c = d = e = 0. Then there exists a formal power series
expansion solution of the vacuum higher order gravity equations of the form (4.25)
such that:
1. It is unique
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2. The coefficients γ(n)αβ are all smooth
3. It holds that γ
(0)
αβ = aαβ and γ
(1)
αβ = bαβ , γ
(2)
αβ = cαβ, γ
(3)
αβ = dαβ and γ
(4)
αβ = eαβ.
In the course of the proof of this result, uniqueness followed because all
coefficients were found recursively, while smoothness follows because in no step of
the proof did we find it necessary to lower the C∞ assumption. We also note that
bαβ and cαβ are necessarily transverse with respect to aαβ .
In addition to this, taking into account that the 3-metric γαβ is considered
equal to the spatial matrix aαβ when t → 0, we obtain the following additional
conditions for the six free components of the metric aαβ ,
a11 > 0, det
(
a11 a12
a21 a22
)
> 0, det (aαβ) > 0, (5.79)
which are directly coming through the three inequalities (2.18). These conditions
inform us that the three diagonal components of the aαβ satisfy,
a11 > 0, a22 > 0, a33 > 0, (5.80)
which, of course, allow us to determine more properly the unknown matrix aαβ, but
they don’ t give us the opportunity to lower the number of the arbitrary functions
in our analysis (such a subtraction is being acceptable only for equalities).
All in all, in order to clarify what we mentioned in Section 3.3 regarding
the difference in analysis which we have to follow between the Jordan and the
conformal frame, interpreting the notation of the initial data (5.84), we can easily
understand why there is a difference between the number of the arbitrary functions
in Jordan (16 d.o.f.) and its conformal frame (6 d.o.f.). We realize, that the
ten more initial data, which the Jordan frame requires, emerge from the spatial
matrixes Dαβ and Wαβ , quantities that do not appear in the pertubative analysis
of the conformal frame, because of the second order equations that describe it.
5.5.2 Initial data in the case of radiation
In Subsection 2.3.3 we showed that the higher-order gravity equations (2.52),
(2.53), (2.54) and (2.82) together with the constraints (2.80) and (2.81), admit
a regular formal series expansion of the form (4.25) as a general solution requiring
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17 smooth initial data. If we prescribe the 36 data
aαβ, bαβ , cαβ, dαβ , eαβ , p, ρ, u
i (5.81)
initially, we have the freedom to fix 19 of them. We also choose to leave the six
components of the metric aαβ free. Then we proceed to count the number of free
functions in several steps.
First, (5.49) fixes the function ρ and Eq. (5.51) fixes 3 more components of
ui. Further, we use the 6 relations in (5.53) to completely fix the 6 components of
cαβ and the three relations in (5.48) to fix three components of bαβ . Taking into
account the identity (5.41), the equation of state (4.11) and four diffeomorphism
transformations that we use to fix two components for each one of dαβ, eαβ, we
end up with,
6︸︷︷︸
from aαβ
+ 3︸︷︷︸
from bαβ
+ 0︸︷︷︸
from cαβ
+ 4︸︷︷︸
from dαβ
+ 4︸︷︷︸
from eαβ
+ 0︸︷︷︸
from p and ρ
+ 0︸︷︷︸
from ui
= 17 (5.82)
suitable free data as required for the solution.
Obviously, in this case too, the three inequalities (5.79) are still valid as
well as the inequalities (5.80), giving a better approach for the components of the
tensor aαβ .
However, the choice of the initial data presented in both cases above (vacuum and
radiation)is not unique, but there are many ways to choose them.
For instance, in the case of radiation, if we use the four diffeomorphism
transformations not to fix two components for each one of dαβ , eαβ, but to fix four
of the components of eαβ , then we would resulted with,
6︸︷︷︸
from aαβ
+ 3︸︷︷︸
from bαβ
+ 0︸︷︷︸
from cαβ
+ 6︸︷︷︸
from dαβ
+ 2︸︷︷︸
from eαβ
+ 0︸︷︷︸
from p and ρ
+ 0︸︷︷︸
from ui
= 17. (5.83)
suitable free data as required for the solution.
An other option is to use three of the four diffeomorphism transformations
in order to bring aαβ to diagonal form and the last one to fix one more component
of the matrix bαβ . Then, we end up with,
3︸︷︷︸
from aαβ
+ 2︸︷︷︸
from bαβ
+ 0︸︷︷︸
from cαβ
+ 6︸︷︷︸
from dαβ
+ 6︸︷︷︸
from eαβ
+ 0︸︷︷︸
from p and ρ
+ 0︸︷︷︸
from ui
= 17 (5.84)
suitable free data as required for the solution.
Chapter 6
Singular universes in higher-order
gravity
In this Chapter, we study the form and the type of the solution of the gravitational
field equations of higher-order gravity in vacuum as well as in the case of radiation,
in the vicinity of a point that is not regular, but singular in the time. In Section
6.1, we present the higher-order field equations by using the 3-metric (4.59), and
we calculate the various quantities of these equations in terms of the initial data
aαβ , bαβ, cαβ , dαβ, p, ρ, u
i. In Section 5.2, we show that the form (4.59) can not
provide any kind of solution of the higher-order gravity equations in vacuum,
and also, in Section 5.3, we use the same 3-metric to search for the form of the
solution in the case of radiation. In Section 5.4, we show that the degrees of
freedom in case of radiation remain the same, if the order of the singular 3-metric
becomes greater than 4, and finally, in Section 5.5, we present the choice of the
initial data between the initial functions, taking into account the corresponding
function-counting problem of Chapter 2.
6.1 Analytic field equations through singular for-
mal series expansion
In this Section we present the gravitational field equations of higher-order gravity
theory in vacuum derived from the analytic lagrangian f(R) = R + ǫR2, that
is the Eqns. (2.40), (2.41) and (2.42), through singular formal series expansion
(4.59) and find the form of their solution. We also present the corresponding field
equations in the case of radiation by using the same series.
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6.1.1 Series form of field equations
Similarly to the previous Chapter, in order to simplify our further analysis, we
take into account the order of the higher-order differential equations in vacuum. In
particular, Eqns. (2.40), (2.41) are third-order differential equations with respect
to the proper time t and Eq. (2.42) is fourth-order differential equation with
respect to t.
Therefore, we can use the following notation:
C0 = (L00)(−3)
1
t3
+ (L00)
(−2) 1
t2
+ (L00)
(−1)1
t
, (6.1)
Cα = (L0α)(−2)
1
t2
+ (L0α)
(−1)1
t
+ (L0α)
(0), (6.2)
and,
Lβα = (L
β
α)
(−3) 1
t3
+ (Lβα)
(−2) 1
t2
+ (Lβα)
(−1)1
t
. (6.3)
We note that this notation pertains to both cases of vacuum and radiation, because
the order of the differential equations (2.67), (2.68) and (2.69) is correspondingly
the same with the order of vacuum differential equations. Apparently, the five
terms (L00)
(0), (L00)
(1), (L0α)
(0), (L0α)
(1), (Lβα)
(0) appearing in (5.1), (5.2) and (5.3) are
not the same in both cases, but they have the same dependence on the matrices
aαβ , bαβ, cαβ , dαβ. Thus, as in the case of regular series expansion, we also present
this dependence both for vacuum and radiation models once.
6.1.2 Calculation of the series terms
In terms of aαβ , bαβ , cαβ, dαβ, using relations (4.106), (4.107), (4.108) and (4.110),
the quantities appearing in Eq. (6.1) become,
(L00)
(−3) = ǫ
[
2R(−1)(R00)
(−2) −K(−1)R(−1)]
=
3
2
ǫ(P˜ + 2b), (6.4)
(L00)
(−2) = (R00)
(−2) + ǫ
[
2
(
R(−1)(R00)
(−1) +R(0)(R00)
(−2)
)− 1
2
(R(−1))2
− 2(γαβ)(−1)∂α(∂βR(−1)) + 2(γαβ)(−1)(Γµαβ)(0)∂µR(−1) −K(0)R(−1)
]
=
3
4
+ ǫ
[
−1
2
(P˜ 2 − 4b2) + 3
2
(−6c− 1
4
b2 +
11
4
bβαb
α
β − κ) + 2aαβ∂α
(
∂β(P˜ + 2b)
)
− 2aαβΓ˜µαβ∂µ(P˜ + 2b)
]
, (6.5)
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(L00)
(−1) = (R00)
(−1) − 1
2
R(−1) + ǫ
{
2
[
R(−1)(R00)
(0) +R(0)(R00)
(−1) +R(1)(R00)
(−2)
]
− R(−1)R(0) − 2 [(γαβ)(−1)∂α(∂βR(0)) + (γαβ)(0)∂α(∂βR(−1))]
+ 2
[
(γαβ)(−1)(Γµαβ)
(0)∂µR
(0) + (γαβ)(0)(Γµαβ)
(0)∂µR
(−1)
+ (γαβ)(−1)(Γµαβ)
(1)∂µR
(−1)
]
+
[
K(−1)R(1) −K(1)R(−1)]}
=
1
2
(P˜ + b) + ǫ
[
(P˜ + 2b)(
1
4
bβαb
α
β −
1
4
b2 − κ)− b(−6c− 1
4
b2 +
11
4
bβαb
α
β − κ)
+
9
2
(−12d− bc+ 11bβαcαβ −
7
2
bβγb
γ
αb
α
β +
1
2
bbβαb
α
β − λ)− 2bαβ∂α
(
∂β(P˜ + 2b)
)
− 2aαβ∂α
(
∂β(−6c− 1
4
b2 +
11
4
bδγb
γ
δ − κ)
)
+ 2bαβΓ˜µαβ∂µ(P˜ + 2b)
+ 2aαβΓ˜µαβ∂µ(−6c−
1
4
b2 +
11
4
bδγb
γ
δ − κ)− 2aαβEµαβ∂µ(P˜ + 2b)
]
. (6.6)
Further, the quantities appearing in Eq. (6.2) become,
(L0α)
(−2) = ǫ
[
2∂αR
(−1) + (Kβα)
(−1)∂βR
(−1)
]
= −3ǫ∂α(P˜ + 2b), (6.7)
(L0α)
(−1) = ǫ
[
2R(−1)(R0α)
(0) + (Kβα)
(−1)∂βR
(0) + (Kβα)
(0)∂βR
(−1)
]
= ǫ
[
−(P˜ + 2b)(∇βbβα −∇αb) + ∂α(−6c−
1
4
b2 +
11
4
bδγb
γ
δ − κ)
− bβα∂β(P˜ + 2b)
]
, (6.8)
(L0α)
(0) = (R0α)
(0) + ǫ
[
2
(
R(−1)(R0α)
(1) +R(0)(R0α)
(0)
)− 2∂αR(1)
+
(
(Kβα)
(−1)∂βR
(1) + (Kβα)
(0)∂βR
(0) + (Kβα)
(1)∂βR
(−1)
)]
=
1
2
(∇βbβα −∇αb) + ǫ
[
−2(P˜ + 2b)[(∇βcβα −∇αc)− 12∇β(bβγbγα) + 12∇α(bβγbγβ)]
+ (−6c− 1
4
b2 +
11
4
bδγb
γ
δ − κ)(∇βbβα −∇αb)
− ∂α(−12d− bc + 11bδγcγδ −
7
2
bβγb
γ
δ b
δ
β +
1
2
bbδγb
γ
δ − λ)
+ bβα∂β(−6c−
1
4
b2 +
11
4
bδγb
γ
δ − κ)− (2cβα − bβγbγα)∂β(P˜ + 2b)
]
, (6.9)
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and finally for the quantities of Eq. (6.3) we have,
(Lβα)
(−3) = ǫ
[
2R(−1)(Rβα)
(−2) + (Kβα)
(−1)R(−1) + 4δβαR
(−1) − δβαK(−1)R(−1)
]
= −3
2
ǫδβα(P˜ + 2b), (6.10)
(Lβα)
(−2) = (Rβα)
(−2) + ǫ
{
2
[
R(−1)(Rβα)
(−1) +R(0)(Rβα)
(−2)
]− 1
2
δβα(R
(−1))2
+ 2(γβγ)(−1)∂γ(∂αR
(−1))− 2(γβγ)(−1)(Γµγα)(0)∂µR(−1) + (Kβα)(0)R(−1)
− 2δβα(γγδ)(−1)∂γ(∂δR(−1)) + 2δβα(γγδ)(−1)(Γµγδ)(0)(∂µR(−1))− δβαK(0)R(−1)
}
= −1
4
δβα + ǫ
[
(P˜ + 2b)(2P˜ βα +
1
2
bβα +
1
2
bδβα −
1
2
P˜ δβα)
− 1
2
δβα(−6c−
1
4
b2 +
11
4
bδγb
γ
δ − κ)
− 2aβγ∂γ
(
∂α(P˜ + 2b)
)
+ 2aβγΓ˜µγα∂µ(P˜ + 2b) + 2δ
β
αa
γδ∂γ
(
∂δ(P˜ + 2b)
)
− 2δβαaγδΓ˜µγδ∂µ(P˜ + 2b)
]
, (6.11)
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(Lβα)
(−1) = (Rβα)
(−1) − 1
2
δβαR
(−1) + ǫ
{
2
[
R(−1)(Rβα)
(0) +R(0)(Rβα)
(−1) +R(1)(Rβα)
(−2)
]
− R(−1)R(0)δβα + 2
[
(γβγ)(−1)∂γ(∂αR
(0)) + (γβγ)(0)∂γ(∂αR
(−1))
]
− 2 [(γβγ)(−1)(Γµγα)(0)∂µR(0) + (γβγ)(0)(Γµγα)(0)∂µR(−1)
+ (γβγ)(−1)(Γµγα)
(1)∂µR
(−1)
]− (Kβα)(−1)R(1) + (Kβα)(1)R(−1)
− 2δβα
[
(γγδ)(−1)∂γ(∂δR
(0)) + (γγδ)(0)∂γ(∂δR
(−1))
]
+ 2δβα
[
(γγδ)(−1)(Γµγδ)
(0)∂µR
(0) + (γγδ)(0)(Γµγδ)
(0)∂µR
(−1)
+ (γγδ)(−1)(Γµγδ)
(1)∂µR
(−1)
]
+ δβα
(
K(−1)R(1) −K(1)R(−1))}
= −P˜ βα +
1
2
P˜ δβα −
3
4
bβα +
3
4
bδβα
+ ǫ
[
3
2
δβα(−12d− bc + 11bδγcγδ −
7
2
bδγb
γ
ǫ b
ǫ
δ +
1
2
bbδγb
γ
δ − λ)
+ (P˜ + 2b)(3cβα − 3cδβα +
5
4
bδγb
γ
δ δ
β
α −
1
4
b2δβα −
3
2
bβγb
γ
α +
1
2
bbβα − δβακ + 2κβα)
− 1
2
(4P˜ βα + 3b
β
α + bδ
β
α)(−6c−
1
4
b2 +
11
4
bδγb
γ
δ − κ)− 2δβαaγδEµγδ∂µ(P˜ + 2b)
+ 2bβγ∂γ
(
∂α(P˜ + 2b)
)
− 2aβγΓ˜µγα∂µ(−6c−
1
4
b2 +
11
4
bδǫb
ǫ
δ − κ)
− 2bβγΓ˜µγα∂µ(P˜ + 2b) + 2aβγEµγα∂µ(P˜ + 2b)
− 2δβαaγδ∂γ
(
∂δ(−6c− 1
4
b2 +
11
4
bζǫb
ǫ
ζ − κ)
)
− 2δβαbγδ∂γ
(
∂δ(P˜ + 2b)
)
+ 2δβαa
γδΓ˜µγδ∂µ(−6c−
1
4
b2 +
11
4
bζǫb
ǫ
ζ − κ)
+ 2δβαb
γδΓ˜µγδ∂µ(P˜ + 2b) + 2a
βγ∂γ
(
∂α(−6c− 1
4
b2 +
11
4
bδǫb
ǫ
δ − κ)
)]
. (6.12)
We now proceed to find the form of the solution of the higher-order gravitanional
field equations in vacuum, in the vicinity of a point that is singular in the time.
6.1.3 Simplification of the terms
We can simplify these nine relations (6.4)-(6.12) by using the trace of the higher-
order field equations. In both cases (vacuum and radiation) the trace of the fields
equation gives the identity,
R− 6ǫgR = 0. (6.13)
Then, for the t−3 order terms we obtain the identity,
P˜ + 2b = 0, (6.14)
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for the t−2 order terms we obtain,
− 12d− bc+ 11bβαcαβ −
7
2
bβγb
γ
αb
α
β +
1
2
bbβαb
α
β − λ = 0, (6.15)
and finally for the t−1 order terms we have,
1
2
aαβaµǫAαβǫ∂µ
(
−6c− 1
4
b2 +
11
4
bβαb
α
β − κ
)
= aαβ∂α
(
∂β(−6c− 1
4
b2 +
11
4
bδγb
γ
δ − κ)
)
.
(6.16)
Then, using identities (6.14), (6.15) and (6.16), the quantities (L00)
(−3), (L0α)
(−2)
and (Lβα)
(−3) vanish identically. The other six quantities appearing in (6.4)-(6.12)
become,
(L00)
(−2) =
3
4
+
3
2
ǫ(−6c− 1
4
b2 +
11
4
bβαb
α
β − κ), (6.17)
(L00)
(−1) = −1
2
b− ǫb(−6c− 1
4
b2 +
11
4
bβαb
α
β − κ), (6.18)
and,
(L0α)
(−1) = ǫ∂α(−6c− 1
4
b2 +
11
4
bδγb
γ
δ − κ), (6.19)
(L0α)
(0) =
1
2
(∇βbβα −∇αb) + ǫ
[
(−6c− 1
4
b2 +
11
4
bδγb
γ
δ − κ)(∇βbβα −∇αb)
+ bβα∂β(−6c−
1
4
b2 +
11
4
bδγb
γ
δ − κ)
]
, (6.20)
and also,
(Lβα)
(−2) = −1
4
δβα −
1
2
ǫδβα(−6c−
1
4
b2 +
11
4
bδγb
γ
δ − κ), (6.21)
(Lβα)
(−1) = −P˜ βα −
3
4
bβα −
1
4
bδβα
+ ǫ
[
1
2
(4P˜ βα + 3b
β
α + bδ
β
α)(−6c−
1
4
b2 +
11
4
bδγb
γ
δ − κ)
− aβγaµǫAγαǫ∂µ(−6c− 1
4
b2 +
11
4
bδǫb
ǫ
δ − κ)
+ 2aβγ∂γ
(
∂α(−6c− 1
4
b2 +
11
4
bδǫb
ǫ
δ − κ)
)]
(6.22)
6.1.4 Further simplification of the terms
Using the identity (2.66), we obtain,
∇0L0j +∇βLβj = 0, (6.23)
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and for j = α we find,
∂tL
0
α −
1
2
KβαL
0
β + ∂βL
β
α +KL
0
α − ΓγαβLβγ + ΓββγLγα = 0. (6.24)
We substitute the series of the various terms appearing in (6.24) and then, for the
t−2 order we find that the coefficient (L0α)
(−1) vanishes identically, namely,
∂α(−6c− 1
4
b2 +
11
4
bδγb
γ
δ − κ) = 0. (6.25)
Consequently, the terms of (6.20) and (6.22) become,
(L0α)
(0) =
1
2
(∇βbβα −∇αb) + ǫ(−6c−
1
4
b2 +
11
4
bδγb
γ
δ − κ)(∇βbβα −∇αb), (6.26)
and,
(Lβα)
(−1) = −P˜ βα −
3
4
bβα −
1
4
bδβα
− 1
2
ǫ(4P˜ βα + 3b
β
α + bδ
β
α)(−6c−
1
4
b2 +
11
4
bδγb
γ
δ − κ). (6.27)
We can now proceed to find the form of the solution of the field equations in
vacuum, in the vicinity of a point that is singular in the time.
6.2 Singular vacuum field equations
In this Section, we find the degrees of freedom of the vacuum field equations in
R + ǫR2 theory through singular formal series expansion of the form (4.59).
6.2.1 First approximation of the vacuum field equations
From the vacuum field equations (2.40), (2.41) and (2.42), and the notation of the
previous Section, we obtain,
0 = C0 = (L00)(−3)
1
t3
+ (L00)
(−2) 1
t2
+ (L00)
(−1)1
t
, (6.28)
0 = Cα = (L0α)(−2)
1
t2
+ (L0α)
(−1)1
t
+ (L0α)
(0), (6.29)
and,
0 = Lβα = (L
β
α)
(−3) 1
t3
+ (Lβα)
(−2) 1
t2
+ (Lβα)
(−1)1
t
. (6.30)
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Then, from Eqns. (6.28), (6.29) and (6.30), we find that,
(L00)
(−3) = 0, (6.31)
(L00)
(−2) = 0, (6.32)
(L00)
(−1) = 0, (6.33)
and,
(L0α)
(−2) = 0, (6.34)
(L0α)
(−1) = 0, (6.35)
(L0α)
(0) = 0, (6.36)
while,
(Lβα)
(−3) = 0, (6.37)
(Lβα)
(−2) = 0, (6.38)
(Lβα)
(−1) = 0. (6.39)
However, in the previous Section, we proved that the quantities (L00)
(−3), (L0α)
(−2),
(L0α)
(−1) and (Lβα)
(−3) vanish identically. Therefore, relations (6.31), (6.34), (6.35)
and (6.37) do not provide any information regarding the initial data. In the
following analysis we prove that only one of the previous equations give relation
between the initial data aαβ, bαβ , cαβ, dαβ.
6.2.2 Zeroth-components of the vacuum field equations
Using (6.32), we get one relation between the initial data, namely,
− 6c− 1
4
b2 +
11
4
bβαb
α
β − κ = −
1
2ǫ
. (6.40)
Then, from (6.33) the term (L00)
(−1) becomes identically equal to zero. Also, us-
ing (6.40), we find that the remaining three components (L0α)
(0), (Lβα)
(−2), (Lβα)
(−1)
vanish identically. However, below we prove that the previous results can not be
acceptable.
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6.2.3 Non existence of the singular vacuum field equations
Our starting point is the following conformal transformation theorem given in
[122].
Theorem 6.1. Consider the gravitational field equations derived from the gravita-
tional lagrangian density Lg = f(R)(−g)1/2 in vacuum on a 4-dimensional space-
time (V, gij). Under a conformal transformation g˜ij = Ω2gij, where Ω = f ′(R),
the transformed field equations on the 4-dimensional spacetime (V, g˜ij) become Ein-
stein equations with a minimally coupled scalar field matter source derived from a
lagrangian density L˜g˜ =
(
R˜− 3
2
∇iφ∇iφ− V (φ)
)
(−g)1/2. The scalar field poten-
tial is calculated to be
V (φ) =
1
2
(Rf ′(R)− f(R)) [f ′(R)]−2.
Then, taking into account the identities (6.14), (6.15) and Eq. (6.40), we
note that the scalar curvature given by (4.110) satisfies the following equation,
1 + 2ǫR = 0. (6.41)
This last equation reads,
f ′(R) = 0. (6.42)
Due to the above conformal transformation theorem, this final result is not ac-
ceptable.
Hence, we conclude that in the vacuum gravitational field theory derived
from the lagrangian R + ǫR2, the formal series expansion (4.59) lead to a system
of equations in the form (6.28)-(6.30), which does not provide any kind of solution
for the initial data aαβ , bαβ, cαβ , dαβ.
It is note worthy that in case of vacuum in general relativity (ǫ = 0) we get
the same conclusion. In Appendix B, we give more details for the solution of the
field equations in case of general relativity in vacuum with a singular formal series
expansion.
6.3 Singular field equations in case of radiation
In this Section, we find the degrees of freedom of the gravitational field equations
in R + ǫR2 theory plus radiation through singular formal series expansion of the
form (4.59).
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6.3.1 Field equations in case of radiation
In case of radiation models, the components of the energy-momentum tensor T ij
and its trace are given by (5.34)-(5.37). Then, using the notation (6.1)-(6.3), we
obtain,
8πG
3
ρ(4u0
2 − 1) = C0 = (L00)(−3)
1
t3
+ (L00)
(−2) 1
t2
+ (L00)
(−1)1
t
, (6.43)
32πG
3
ρuαu0 = Cα = (L0α)(−2)
1
t2
+ (L0α)
(−1)1
t
+ (L0α)
(0), (6.44)
and,
8πG
3
ρ(4uβuα − δβα) = Lβα = (Lβα)(−3)
1
t3
+ (Lβα)
(−2) 1
t2
+ (Lβα)
(−1)1
t
, (6.45)
where the nine terms appearing in these last three relations are given by (6.4)-
(6.12).
In view of the identity (2.71) we get,
1 = uiu
i ≈ u02 − 1
t
aαβuαuβ. (6.46)
Then, the system of equations (6.43), (6.44) and (6.45) becomes,
8πGρ = C0 = (L00)(−3)
1
t3
+ (L00)
(−2) 1
t2
+ (L00)
(−1)1
t
, (6.47)
32πG
3
ρuα = Cα = (L0α)(−2)
1
t2
+ (L0α)
(−1)1
t
+ (L0α)
(0), (6.48)
and,
− 8πG
3
ρδβα = L
β
α = (L
β
α)
(−3) 1
t3
+ (Lβα)
(−2) 1
t2
+ (Lβα)
(−1)1
t
. (6.49)
From Eq. (6.47), we note that the degree of the energy density ρ seems to be
equal to −3, which is not in accordance with the Friedmann solution (4.58) and
Eq. (4.16). However, in the following analysis, we prove that the term (L00)
(−3) is
equal to zero and in the same time the term (L00)
(−2) does not vanish, and so, as
we expected, the degree of the energy density becomes equal to −2.
We are now ready to find the relations which the terms appearing in the
system of equations (6.47)-(6.49) satisfy and then the degrees of freedom of the
gravitational field equations in case of radiation.
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6.3.2 Degrees of freedom of the field equations in case of
radiation
Our starting point are the three identities (6.14), (6.15) and (6.16) provided by
(6.13), as well as the identity (6.25). Using these, the terms (L00)
(−3), (L0α)
(−2), (Lβα)
(−3)
and (L0α)
(−1) vanish identically.
Then, the system of equations (6.47)-(6.49), which describes the dependence
between the initial data, is modified in its final form as follows:
8πGρ = (L00)
(−2) 1
t2
+ (L00)
(−1)1
t
, (6.50)
32πG
3
ρuα = (L
0
α)
(0), (6.51)
− 8πG
3
ρδβα = (L
β
α)
(−2) 1
t2
+ (Lβα)
(−1)1
t
, (6.52)
where for the remaining five terms we have,
(L00)
(−2) =
3
4
+
3
2
ǫ(−6c− 1
4
b2 +
11
4
bβαb
α
β − κ), (6.53)
(L00)
(−1) = −1
2
b− ǫb(−6c− 1
4
b2 +
11
4
bβαb
α
β − κ), (6.54)
and,
(L0α)
(0) =
1
2
(∇βbβα −∇αb) + ǫ(−6c−
1
4
b2 +
11
4
bδγb
γ
δ − κ)(∇βbβα −∇αb), (6.55)
and also,
(Lβα)
(−2) = −1
4
δβα −
1
2
ǫδβα(−6c−
1
4
b2 +
11
4
bδγb
γ
δ − κ), (6.56)
(Lβα)
(−1) = −P˜ βα −
3
4
bβα −
1
4
bδβα
− 1
2
ǫ(4P˜ βα + 3b
β
α + bδ
β
α)(−6c−
1
4
b2 +
11
4
bδγb
γ
δ − κ). (6.57)
Then, from Eq. (6.50) we find one relation for the energy density ρ, namely,
8πGρ =
[
3
4
+
3
2
ǫ(−6c− 1
4
b2 +
11
4
bβαb
α
β − κ)
]
1
t2
−
[
1
2
b+ ǫb(−6c− 1
4
b2 +
11
4
bβαb
α
β − κ)
]
1
t
. (6.58)
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Substituting ρ from Eq. (6.50) to Eq. (6.51), we find three more relations for the
velocities uα and the spatial tensors aαβ , bαβ , cαβ, dαβ, namely,
uα =
3(L0α)
(0)
4(L00)
(−2)
t2. (6.59)
These last relations concerning the velocities uα and the spatial tensors aαβ , bαβ, cαβ , dαβ
read,
uα =
3t2
4
[
1
2
(∇βbβα −∇αb) + ǫ(−6c−
1
4
b2 +
11
4
bδγb
γ
δ − κ)(∇βbβα −∇αb)
]
×
[
3
4
+
3
2
ǫ(−6c− 1
4
b2 +
11
4
bβαb
α
β − κ)
]
−1
. (6.60)
Continuing, we substitute ρ from Eq. (6.50) to Eq. (6.52) and we obtain,
(Lβα)
(−2) 1
t2
+ (Lβα)
(−1)1
t
= −1
3
δβα
[
(L00)
(−2) 1
t2
+ (L00)
(−1)1
t
]
, (6.61)
Using the last equation and Eqns. (6.53)-(6.57), we find that the terms of order
t−2 cancel, while the terms of order t−1 give,
−3(P˜ βα+
3
4
bβα+
5
12
bδβα)−
1
2
ǫ(12P˜ βα+9b
β
α+5bδ
β
α)(−6c−
1
4
b2+
11
4
bδγb
γ
δ−κ) = 0. (6.62)
Notice that the trace of Eq. (6.62) gives the identity (6.14).
Eventually, to sum up, from equations (6.50), (6.59) and (6.62) we have
already found 1 relation for the energy density ρ, 3 for the velocities uα and
additional 6 concerning the initial data aαβ , bαβ , cαβ, dαβ. Also, we should not make
the mistake to count as extra connections between the initial data the identities
(6.14), (6.15) and (6.16), because the trace of the gravitational field equations
yields directly to the same relations.
Nevertheless, we have to take into consideration the fact that the choice of
the time t in the metric (4.59) is completely determined by the condition t = 0 at
the singularity, while the space coordinates still permit arbitrary transformations
that do not involve the time. These arbitrary transformations can be used, for
example, to bring tensor aαβ to diagonal form.
Thus, from the initial 28 functions aαβ , bαβ , cαβ, dαβ, ρ, u
α, we have to sub-
tract 13 that are not arbitrary, and we finally find that the solution contains all
together 15 physically different arbitrary functions. In comparison with the num-
ber 20 which corresponds to a general solution of the problem, we s
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the imposition of the higher order evolution and constraint equations, tensor γαβ
of the form (4.59) can not be an appropriate form for the general solution.
This is something that we expected since the begining of this analysis, be-
cause of the form of the energy-momentum tensor T ij . In particular, T
i
j is a diagonal
matrix of the form,
T ij = diag(ρ,−p,−p,−p), (6.63)
while tensor Lij consists of terms that include the matrix γαβ and its derivatives
and so it is not diagonal in general. Therefore, from the first equation (2.64)
it is clear that these two members can not finally provide the general solution.
Furthermore, we note that in this solution the spatial metric is inhomogeneous
and anisotropic, but the energy density tends to become homogeneous as t→ 0.
Finally, it is worth noting that in case we set ǫ = 0, we immediately obtain
from the basic equations (6.50), (6.59) and (6.62) the exact same results with [67]
in general relativity.
We continue quering if the order of γαβ in (4.59) affects or not the number
of the arbitrary functions.
6.4 Degrees of freedom with γαβ =
∑
γ
(n)
αβ t
n, n ≥ 4
In this Section, we show that the number of the degrees of freedom of the gravi-
tational field equations in R+ ǫR2 theory plus radiation is the same, if instead of
the singular form (4.59), we consider a singular expression of the form,
γαβ =
∑
γ
(n)
αβ t
n, n ≥ 4. (6.64)
6.4.1 Field equations with γαβ =
∑
γ
(n)
αβ t
n, n ≥ 4
We assume a formal series representation of the spatial metric of the form:
γαβ = (γαβ)
(1)t+ (γαβ)
(2)t2 + (γαβ)
(3)t3 + (γαβ)
(4)t4 + · · ·+ (γαβ)(n)tn, (6.65)
where n is a natural number, with n > 4. Obviously, we have,
(γαβ)
(1) = aαβ, (γαβ)
(2) = bαβ , (γαβ)
(3) = cαβ, (γαβ)
(4) = dαβ. (6.66)
We further note that the expression (6.65) contains 6n degrees of freedom (6 of each
one of the n spatial matrixes). Adding 4 additional degrees of freedom regarding
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the energy density ρ and the velocities uα, the main question is how many of these
6n+ 4 data are independent when (6.65) is taken to be a possible solution of the
evolution equations (2.52), (2.53), (2.54) and (2.82) together with the constraint
equations (2.80) and (2.81) and the relations (4.11), (2.71) on each slice Mt?
To answer this question, we consider our basic system of equations (6.50), (6.51)
and (6.52), which now, due to (6.65), takes the form,
8πGρ = (L00)
(−2) 1
t2
+ (L00)
(−1)1
t
+ · · ·+ (L00)(n−5)tn−5, (6.67)
32πG
3
ρuα = (L
0
α)
(0) + · · ·+ (L0α)(n−4)tn−4, (6.68)
− 8πG
3
ρδβα = (L
β
α)
(−2) 1
t2
+ (Lβα)
(−1)1
t
+ · · ·+ (Lβα)(n−5)tn−5. (6.69)
6.4.2 Degrees of freedom with γαβ =
∑
γ
(n)
αβ t
n, n ≥ 4 in radi-
ation models
We notice that (6.67) give us 1 relation for the energy density ρ, which we substi-
tute in (6.68) and we find the 3 relations for the velocities,
uα =
3(L0α)
(0)
4(L00)
(−2)
t2. (6.70)
The final thing we have to do, is to substitute ρ from (6.67) to (6.69). Then, we
obtain,
(Lβα)
(−2) 1
t2
+ (Lβα)
(−1) 1
t
+ · · ·+ (Lβα)(n−5)tn−5 = −
1
3
δβα(L
0
0)
(−2) 1
t2
− 1
3
δβα(L
0
0)
(−1)1
t
− · · ·
− 1
3
δβα(L
0
0)
(n−5)tn−5. (6.71)
As we have already seen at the previous section, the terms of order t−2 in (6.71)
cancel and the t−1 order terms give 6 relations between the initial data, which is
the equation (6.62). For the tk order terms of (6.71), where k = 0, 1, ..., n− 5, we
obtain the corresponding following equations,
(Lβα)
(k) = −1
3
δβα(L
0
0)
(k). (6.72)
Apparently, each one of the previous n−4 equations gives 6 relations that contain
the initial data. Therefore, from (6.72) we find 6 × (n − 4) = 6n − 24 relations
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between the data (γαβ)
(0), ..., (γαβ)
(n) and so, from (6.71) we have 0+6+(6n−24) =
6n− 18 relations in total.
Consequently, taking further into account one relation from (6.67), three
relations from (6.70) and (6n − 24) relations from (6.71), the counting give us
1+3+(6n−18) = 6n−14 relations in total between the initial data. Subtracting
from the total 6n+4 data from which we started, we obtain that only 18 functions
can be arbitrary. However the 3 diffeormorphisms give us the final number of the
free functions in the problem, which is obviously the number 15. Conclusively,
without loss of generality we can stop the series in (6.65) at the order 4.
In Appendix B, we give details for the solution of the field equations in
general relativity plus radiation with a singular formal series expansion.
6.5 Choice of the initial data
We now ask: Out of the 28 different functions aαβ , bαβ, cαβ, dαβ, ρ, u
α, which 15 of
those should be chosen as our initial data? We have shown in this Section that
in case of radiation the higher order gravity equations (2.52), (2.53), (2.54) and
(2.82) together with the constraint equations (2.80) and (2.81), admit a singular
formal series expansion of the form (4.59) and the solution, which is not general,
requires 15 smooth initial data.
If we prescribe the 28 data
aαβ, bαβ , cαβ, dαβ , ρ, u
α (6.73)
initially, we still have the freedom to fix 13 of them. We choose to leave the twelve
components of the metrics cαβ and dαβ free, and we choose the symmetric space
tensor aαβ to be diagonal. Then we proceed to count the number of free functions
in three steps, starting from these 3 + 0 + 2 × 6 + 1 + 3 = 19 functions. First,
(6.50) fixes the function ρ and secondly Eq. (6.59) fixes the 3 more components
of uα. Lastly, we use the 6 relations in (6.62) to completely fix the 6 components
of bαβ . Summing up the free functions we have found, we end up with,
3︸︷︷︸
from aαβ
+ 0︸︷︷︸
from bαβ
+ 12︸︷︷︸
from cαβ and dαβ
+ 0︸︷︷︸
from ρ
+ 0︸︷︷︸
from uα
= 15, (6.74)
which are suitable free data as required for the specific particular solution. Ob-
viously this is not the only way to choose the initial data. For instance, we can
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choose the space tensor aαβ not to be diagonalnot and fix three components of
cαβ. Then, we end up with,
6︸︷︷︸
from aαβ
+ 0︸︷︷︸
from bαβ
+ 3︸︷︷︸
from cαβ
+ 6︸︷︷︸
from dαβ
+ 0︸︷︷︸
from ρ
+ 0︸︷︷︸
from uα
= 15, (6.75)
suitable free data.
Chapter 7
Conclusions and future directions
7.1 Conclusions
Throughout this Thesis we extensively studied properties of formal power series
solutions of higher-order f(R) = R + ǫR2 gravity theory as well of the standard
Einstein theory in vacuum and in the presence of radiation. In particular, we
used the Landau-Lifschitz method presented in [67] in order to explore the form
and the kind of solution in each case separately. We applied this method both to
regular and singular cases. Therefore, our approach provides information about
eight different cases:
General Relativity Regular case Vacuum
General Relativity Singular case Vacuum
General Relativity Regular case Radiation
General Relativity Singular case Radiation
Higher-order gravity Regular case Vacuum
Higher-order gravity Singular case Vacuum
Higher-order gravity Regular case Radiation
Higher-order gravity Singular case Radiation
In Chapter 2, we introduced the ADM (Arnowitt-Deser-Misner) formalism in
order to study the evolution problem of cosmological asymptotics in higher-order
gravity theories in vacuum as well as in the presence of a fluid. We used normal
coordinates and the synchronous reference system in which the time coordinate is
the proper time along the fluid world lines. Then, we splitted the higher-order field
equations (2.34) in vacuum derived from the analytic lagrangian f(R) = R + ǫR2
into constraints and evolution equations using the (3+1)-splitting formulation.
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Because of the order of these differential equations, to describe them as a dynamical
system, apart from the first variational equation,
∂tγαβ = Kαβ , (7.1)
which is used in general relativity, we needed the second and third variational
equations, which were respectively found to be:
∂tKαβ = Dαβ, ∂tDαβ =Wαβ . (7.2)
Next, we dealt with the function-counting problem of the quadratic theory in
vacuum. We found that the exact number of the degrees of freedom according to
the vacuum theory is equal to 16. Finally, we concluded that in the presence of a
fluid the exact number of degrees of freedom is 20.
In Chapter 3, we studied the Cauchy-Kovalevskaya formulation in higher-
order gravity theory in vacuum as well as in the presence of a fluid. Prior to
anything else, we dealt with the mathematical content of higher-order gravity
equations, the initial value problem of Cauchy as in the case of general relativ-
ity. In order to study the Cauchy problem of the higher-order gravity theory, we
followed the standard approach and we exploited harmonic coordinates. Then,
we proved that the dynamical system consisting of the four evolution equations
(2.52), (2.53), (2.54) and (2.55) together with the constraints equations (2.62)
and (2.63), which describes the higher-order gravity equations in vacuum, has the
Cauchy-Kovalevskaya property, namely that none of the terms appearing in the
right hand side of this system includes time derivatives. We also conducted the
same analysis in the case of a fluid and found that the corresponding system of
the four evolution equations (2.52), (2.53), (2.54) and (2.82) together with the
constraints equations (2.80) and (2.81) is of the Cauchy-Kovalevskaya type.
Next, we showed that in a synchronous reference system if we prescribe
initial data which satisfy the constraint equations in both cases (vacuum and
fluid) on some initial slice, then there is a neighborhood of this slice such that
the corresponding evolution equations of each case have an analytic solution in
this neighborhood consistent with the data. We also discussed the equivalence
between general relativity plus a scalar field and higher-order gravity theory in
vacuum from this viewpoint. Specifically, through the conformal transformation
theorem, we discovered the reason for which these two theories do not have the
same degrees of freedom.
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In Chapter 4, we introduced the perturbative formulation in higher-order
gravity assuming a formal series representation of the spatial metric γαβ = −gαβ
following the Landau-Lifschitz method. In doing so, we started with the Robertson-
Walker metric (4.1) to find the connection between the various components of the
Ricci tensor Rij and the scalar curvature R as well with the scale factor a = a(t)
and its derivatives. Despite the fact that we are interested in higher-order cos-
mologies that are not homogeneous and isotropic, we used (4.1) as a motivation
in what followed in the next two Chapters. We then presented the solutions of the
Friedmann equations in general relativity in cases of vacuum and radiation and
we found the generalized Friedmann equations of higher-order f(R) = R + ǫR2
gravity. We showed that the solutions of the Friedmann equations in general rela-
tivity in cases of vacuum and radiation are particular solutions for the generalized
Friedmann equations as well.
This fact led us to use the same formal power series expansion for the 3-metric
γαβ in our analysis for the field equations of higher-order gravity in vacuum as in
the case of general relativity. Hence, in case of vacuum we started by considering
a formal series expansion of the form,
γαβ = γ
(0)
αβ + γ
(1)
αβ t + γ
(2)
αβ t
2 + γ
(3)
αβ t
3 + γ
(4)
αβ t
4 + · · · , (7.3)
where the γ
(0)
αβ , γ
(1)
αβ , γ
(2)
αβ , γ
(3)
αβ , γ
(4)
αβ , · · · are functions of the space coordinates, or else
we used the Landau-Lifschitz pertubative method in the vicinity of a point that
is regular in the time. Using (7.3) up to the fourth power of t, we made all the
calculations of the quantities Kαβ , Dαβ,Wαβ and, so, we found the series of the
(3 + 1)-splitting various components of the Ricci tensor R00, R
0
α, R
β
α and the scalar
curvature R as well. Consequently, we ended up with the series of the evolution
equations (4.31), (4.36), (4.57) and the constraints equations (4.55) and (4.56)
too.
Next, for the case of radiation, we started by considering power series expan-
sion that corresponds to the Landau-Lifschitz pertubative method in the vicinity
of a point that is singular in the time, namely,
γαβ = γ
(1)
αβ t+ γ
(2)
αβ t
2 + γ
(3)
αβ t
3 + γ
(4)
αβ t
4 + · · · (7.4)
where the γ
(1)
αβ , γ
(2)
αβ , γ
(3)
αβ , γ
(4)
αβ , · · · are functions of the space coordinates. We also
used the form (7.4) up to the fourth power of t and found the form of the quantities
Kαβ, Dαβ ,Wαβ and the form of the various components of the Ricci tensor R
i
j and
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the scalar curvature R. Finally, we presented the series of the evolution equations
(4.62), (4.68), (4.113) and the constraints equations (4.111) and (4.112) as well.
In Chapter 5, we studied the form of the solution of the gravitational field
equations of higher-order gravity in vacuum, as well as in the case of radiation, in
the vicinity of a point that is regular in the time by using the 3-metric (7.3). First
of all, because of the order of the differential equations in higher-order gravity in
vacuum (Eqns. (2.40), (2.41) are third-order differential equations with respect
to the proper time t, while Eq. (2.42) is a fourth-order differential equation with
respect to t), we introduced the following notation,
C0 = (L00)(0) + t(L00)(1), (7.5)
Cα = (L0α)(0) + t(L0α)(1), (7.6)
and,
Lβα = (L
β
α)
(0), (7.7)
that includes only the terms that suffice to describe the solution of the higher-order
field equations in cases of vacuum and radiation.
After calculating the series of these five terms (L00)
(0), (L00)
(1), (L0α)
(0), (L0α)
(1),
(Lβα)
(0), we were led to a significant simplification of them by using a well-known
identity that follows from the higher-order field equations themselves, namely,
R− 6ǫgR = 0. (7.8)
Then, we dealt with the higher-order gravity equations in vacuum. In the begining
of this analysis we had five equations, namely,
(L00)
(0) = (L00)
(1) = (L0α)
(0) = (L0α)
(1) = (Lβα)
(0) = 0, (7.9)
which correspond to 14 relations between the 30 initial data γ
(0)
αβ , γ
(1)
αβ , γ
(2)
αβ , γ
(3)
αβ , γ
(4)
αβ .
However, through the basic identity,
∇iLij = 0, (7.10)
we proved that the quantities (L00)
(1) and (L0α)
(1) are identically equal to zero, so
they do not provide any additional information concerning the 30 initial data.
Thus, we were left with 10 relations between the initial data. Subtracting 10 from
the initial 30 data and taking into account 4 diffeomorphism changes, we finally
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found that the 3-metric (7.3) lead to a solution of the higher-order field equations
in vacuum which corresponds to the general solution (16 arbitrary functions).
Further, we dealt with the higher-order gravity equations in case of radiation.
Using the identity,
1 = uiu
i = u0
2 − γαβuαuβ, (7.11)
we found that the term (L0α)
(0) is necessarily equal to zero, while the term (L00)
(1)
appearing in the above notation vanishes identically. Additionally, we obtained
one relation concerning the energy density ρ, three relations for the velocities
uα and six relations between the initial data γ
(0)
αβ , γ
(1)
αβ , γ
(2)
αβ , γ
(3)
αβ , γ
(4)
αβ . Therefore,
taking into account four diffeomorphism transformations, from the initial 34 data
γ
(0)
αβ , γ
(1)
αβ , γ
(2)
αβ , γ
(3)
αβ , γ
(4)
αβ , ρ, u
α we were left with 17 free functions. Hence, the form
(7.3) leads to a solution of the higher-order field equations in case of radiation
which does not correspond to the general solution (20 arbitrary functions).
Subsequently, we considered the same two problems (vacuum and radiation)
by using the form (7.3) up to the nth power of t. What we showed is that in
both cases the results are quantitatively the same as the corresponding previous
results. Specifically, in case of vacuum we used the method of induction. Finally,
we presented the choice of the initial data between the initial functions of the two
cases. In particular, in case of vacuum, because of the general behaviour of the
solution, we generalized a theorem of Rendall [98].
In Chapter 6, we studied the form and the type of the solution of the gravi-
tational field equations of higher-order gravity in vacuum as well as in the case of
radiation, in the vicinity of a point that is not regular, but singular in the time by
using the 3-metric (7.4). Bearing in mind the order of the differential equations
in higher-order gravity in case of radiation (2.67), (2.68) are third-order differen-
tial equations with respect to the proper time t and Eq. (2.69) is fourth-order
differential equation with respect to t), we were led to the following notation,
C0 = (L00)(−3)
1
t3
+ (L00)
(−2) 1
t2
+ (L00)
(−1)1
t
, (7.12)
Cα = (L0α)(−2)
1
t2
+ (L0α)
(−1)1
t
+ (L0α)
(0), (7.13)
and,
Lβα = (L
β
α)
(−3) 1
t3
+ (Lβα)
(−2) 1
t2
+ (Lβα)
(−1)1
t
. (7.14)
We calculated the series of the nine terms (L00)
(−3), (L00)
(−2), (L00)
(−1) and (L0α)
(−2),
(L0α)
(−1), (L0α)
(0) and (Lβα)
(−3), (Lβα)
(−2), (Lβα)
(−1) appearing in the notation, we did
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the simplification of them by using the identity (7.8). We futher simplified these
terms by using the identities (7.10). Then, we dealt with the higher-order gravity
equations in vacuum. Initially, we had nine equations, namely,
(L00)
(−3) = (L00)
(−2) = (L00)
(−1) = 0, (7.15)
(L0α)
(−2) = (L0α)
(−1) = (L0α)
(0) = 0, (7.16)
and,
(Lβα)
(−3) = (Lβα)
(−2) = (Lβα)
(−1) = 0, (7.17)
which correspond to 30 relations between the 24 initial data γ
(1)
αβ , γ
(2)
αβ , γ
(3)
αβ , γ
(4)
αβ .
However, we showed that all the quantities, apart from (L00)
(−2), vanish identically,
so they do not provide information regarding the 24 initial data. But the equation,
(L00)
(−2) = 0, (7.18)
directly led us to the relation,
1 + 2ǫR = 0, (7.19)
namely that,
f ′(R) = 0. (7.20)
This last relation cannot be acceptable due to the conformal transformation the-
orem (see subsection 6.2.3). Therefore, we concluded that in the vacuum gravita-
tional field theory derived from the lagrangian R+ǫR2, the formal series expansion
(7.4) leads to a system of equations which does not provide any kind of solution
for the initial data γ
(1)
αβ , γ
(2)
αβ , γ
(3)
αβ , γ
(4)
αβ .
Further, we dealt with the higher-order gravity equations in case of radia-
tion. Using the identity (7.8), we found that the terms (L00)
(−3), (L0α)
(−2), (Lβα)
(−3)
and (L0α)
(−1) vanish identically. So, we obtained one relation concerning the en-
ergy density ρ, three relations for the velocities uα and six additional relations
between the initial data γ
(1)
αβ , γ
(2)
αβ , γ
(3)
αβ . Hence, taking into account three diffeomor-
phism transformations (the choice of the time in the 3-metric (7.4) is completely
determined by the condition t = 0 at the singularity) from the initial 28 data
γ
(1)
αβ , γ
(2)
αβ , γ
(3)
αβ , γ
(4)
αβ , ρ, u
α, we were left with 15 free functions. Therefore, the form
(7.4) leads to a solution of the higher-order field equations in case of radiation
which does not correspond to the general solution (20 arbitrary functions). Then,
Chapter 7. Conclusions and future directions 103
we considered the same problem in case of radiation by using the form (7.4) up
to the nth power of the proper time t. In this approach, we found exactly the
same result about the number of the arbitrary functions of the theory with the
corresponding previous result. Finally, we presented the choice of the initial data
between the initial functions in case of radiation.
In Appendices A and B, we gave details about the solution of the Einstein
equations in cases of vacuum and radiation by using the regular form (7.3) and the
singular form (7.4) respectively. In particular, in Appendix A, we showed that the
form (7.3) corresponds to the genaral solution of the problem in case of vacuum
(4 arbitrary functions). In case of radiation, we ended up with 5 free functions
which correspond to a particular solution (8 free functions for general solution).
In Appendix B, we showed that the singular form (7.4) of the 3-metric does not
give any kind of solution in case of vacuum, but give a particular solution in case
of radiation (we left with 3 free functions).
What is interesting from the discussion above is that in case of vacuum both
general relativity and higher-order f(R) = R + ǫR2 gravity give exactly the same
results concerning the kind of the solution (general solution with the regular formal
series expansion (7.3) and no solution for the singular form (7.4)). In addition to
this, both theories also give the same results in case of radiation (particular solution
with the regular power series expansion (7.3) with 3 less arbitrary functions from
those that a general solution requires and particular solution with the singular
form (7.4) with 5 less free functions). Specifically, in case of radiation-dominated
models, we conclude that the regular solution is ”closer” to being a generic feature
of the field equations (both in general relativity and in higher-order gravity in the
analytic case) than the singular solution.
In fact, this is a result that we did not expect due to the fact that the
standard model which describes the evolution of the universe informs us about
the fact that in the early universe (proper time t→ 0) radiation got hotter as the
scale factor a = a(t) decreased, and should have been the dominant contribution
to the energy density of the universe. Hence, one would have expected that in the
early universe the radiation-filled model should be a very good approximation for
the dynamics of the universe.
However, owing to the results of this Thesis, this picture does not seem to
be generic at least in the analytic case.
Besides, according to R. M. Wald ([119], chap. 5), ‘It would also be self-
consistent to assume that no radiation was present in the very early universe and
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that only cold matter, such as baryons, was present. However, a ”cold big bang”
model would have the major tasks of accounting for the present existence of the
cosmic microwave background and the correct helium abundance of the universe,
both of which are naturally explained by the standard ”hot big bang” model described
here’.
We present the results of this Thesis in the following matrix:
Theory Case Kind Solution Arbitrary functions
General Relativity Regular case Vacuum general 4
General Relativity Singular case Vacuum no solution -
General Relativity Regular case Radiation particular 5 (8 for gen. sol.)
General Relativity Singular case Radiation particular 3 (8 for gen. sol.)
Higher-order gravity Regular case Vacuum general 16
Higher-order gravity Singular case Vacuum no solution -
Higher-order gravity Regular case Radiation particular 17 (20 for gen. sol.)
Higher-order gravity Singular case Radiation particular 15 (20 for gen. sol.)
7.2 Future directions
Up to now, we analysed the structure of higher-order gravity theory in vacuum
and with radiation content and study them through formal series expansions. It
would be interesting to apply the Landau-Lifschitz method in higher-order gravity
for the case of dust p = 0, where the corresponding expansions would be singular,
and start with a term in the form aαβt
4/3.
Another future problem would be to apply the same method for the higher-
order gravity field equations in order to generalize the results presented in [85]
and deal with the general sudden cosmological singularity. In this case the formal
series expansion is similar to the form (7.3).
Finally, our results currently would nicely complement those obtained by
the application of the method of asymptotic splittings [89] in the study of the
behaviour of dynamical systems concerning singularities of varying light speed
cosmologies [123], but also various systems with symmetry as in [124]. This method
is completely different from the Landau-Lifschitz method developed here, due to
the fact that it doesn’t deal with series that include tensor terms, and it is applied
to many kinds of dynamical systems that correspond to interesting cosmological
cases (see [118, 125–131]) which would lead to further interesting results.
Appendix A
Regular solution in general
relativity
In this Appendix, we present details of the regural solution of the field equations
in general relativity in cases of vacuum and radiation. Here we look for γαβ in the
form,
γαβ = aαβ + tbαβ + t
2cαβ + · · · (A.1)
where aαβ, bαβ , cαβ are functions of the space coordinates. The reciprocal tensor is
given by,
γαβ = aαβ − tbαβ + t2 (bαγ bβγ − cαβ) . (A.2)
Then the extrinsic curvature becomes,
Kαβ = ∂tγαβ = bαβ + 2cαβt, (A.3)
while,
Kαβ = γ
αγKγβ = b
α
β + t(2c
α
β − bαγbγβ). (A.4)
In case of vacuum, the Einstein equations,
R00 = −
1
2
∂tK − 1
4
KβαK
α
β = 8πG(T
0
0 −
1
2
T ), (A.5)
R0α =
1
2
(∇βKβα −∇αK) = 8πGT 0α, (A.6)
Rβα = −P βα −
1
2
√
γ
∂t(
√
γKβα) = 8πG(T
β
α −
1
2
δβαT ), (A.7)
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lead to the following relations,
R00 = −c +
1
4
bβαb
α
β = 0, (A.8)
R0α =
1
2
(∇βbβα −∇αb)+ t(∇βcβα −∇αc− 12∇β(bβγbγα) + 12∇α(bβγbγβ)
)
= 0, (A.9)
and also,
Rβα = −P βα − cβα +
1
2
bβγb
γ
α −
1
4
bβαb = 0, (A.10)
where tensor Pαβ is defined with respect to aαβ .
From (A.10), the components of the spatial tensor cαβ are completely deter-
mined in terms of the components of aαβ and bαβ. Further, from the zeroth-order
terms in (A.9) we find three relations between the components of the tensor bαβ ,
namely,
∇βbβα = ∇αb. (A.11)
Then, using (A.8), (A.10), (A.11) and the identity,
∇iGij = 0, (A.12)
where,
Gij = R
i
j −
1
2
δijR, (A.13)
the terms of the first-order in (A.9) vanish identically.
Thus, Eqns. (A.8)-(A.10) give 10 relations between the data aαβ , bαβ, cαβ, so that
from the initially 18 data there remain 8 arbitrary spatial functions. Because of
the four diffeomorphism transformations, we are left with the correct number of
four arbitrary functions. Therefore, the form (A.1) leads to the general solution
of the Einstein equations in vacuum.
On the other hand, in case of radiation, using relations (5.34)-(5.36), the
Einstein equations give,
R00 = −c +
1
4
bβαb
α
β =
8πG
3
ρ(4u0
2 − 1), (A.14)
R0α =
1
2
(∇βbβα −∇αb)+t(∇βcβα −∇αc− 12∇β(bβγbγα) + 12∇α(bβγbγβ)
)
=
32πG
3
ρuαu0,
(A.15)
and,
Rβα = −P βα − cβα +
1
2
bβγb
γ
α −
1
4
bβαb =
8πG
3
ρ(4uβuα − δβα). (A.16)
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Using the identity (2.71), we get,
1 = uiu
i ≈ u02 −
[
aαβ − bαβt + (bαγ bβγ − cαβ) t2]uαuβ. (A.17)
Considering,
u0 ≈ 1, (A.18)
namely that,
aαβuαuβ → 0 (A.19)
when t tends to zero, the system of Einstein equations (A.14)-(A.16) become,
R00 = −c +
1
4
bβαb
α
β = 8πGρ, (A.20)
R0α =
1
2
(∇βbβα −∇αb)+t(∇βcβα −∇αc− 12∇β(bβγbγα) + 12∇α(bβγbγβ)
)
=
32πG
3
ρuα,
(A.21)
and,
Rβα = −P βα − cβα +
1
2
bβγb
γ
α −
1
4
bβαb = −
8πG
3
ρδβα. (A.22)
Then, from Eq. (A.20) we find one relation for the energy density ρ. Further,
substituting ρ to Eq. (A.21), we obtain three relations between the components
of bαβ , namely,
∇βbβα = ∇αb (A.23)
and three more relations for the velocities uα and the spatial tensors aαβ , bαβ , cαβ,
which are,
uα =
3
(∇βcβα −∇αc− 12∇β(bβγbγα) + 12∇α(bβγbγβ))
4(−c + 1
4
bβαbαβ)
t. (A.24)
In addition to that, substituting ρ from (A.20) to (A.22), we find that,
3(−P βα − cβα +
1
2
bβγb
γ
α −
1
4
bβαb) + δ
β
α(−c +
1
4
bδgb
g
δ) = 0, (A.25)
which constitute six additional relations between the initial data.
Thus, there are 13 relations in total between the 22 initial data aαβ , bαβ , cαβ, ρ, ua,
and so we are left with 9 arbitrary functions. Taking into account 4 diffeomorphism
changes there remain 5 arbitrary functions. This is not the correct number for the
general solution of the Einstein equations in case of radiation. Specifically, the
correct number for the general solution is the number 8. We note that in case
of general reletivity plus radiation, as well as in case of higher-order gravity plus
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radiation, the correct number for the general solution of the theories (8 in general
relativity and 20 in higher-order gravity) is increased by three.
Hence, using (A.1), in case of vacuum, we are left with the correct number
of arbitrary functions concerning the general solution of the Einstein equations,
while this is not true in case of radiation . Therefore, only in the case of vacuum,
regularity is a generic feature of general relativity as well as the R + ǫR2 theory,
assuming analyticity.
Appendix B
Singular solutions in general
relativity
In this Appendix, we give details about the singular solution of the field equations
of general relativity in cases of vacuum and radiation. In particular, we look for a
solution near the singularity (t = 0) in the form,
γαβ = taαβ + t
2bαβ + · · · (B.1)
where aαβ , bαβ are functions of the space coordinates. For the reciprocal tensor we
find,
γαβ =
1
t
aαβ − bαβ , (B.2)
while for the extrinsic curvature we have explicitly,
Kαβ = ∂tγαβ = aαβ + 2tbαβ , (B.3)
and,
Kαβ =
1
t
δβα + b
β
α. (B.4)
In case of vacuum, the Einstein equations (A.5)-(A.7) give the following relations:
R00 =
3
4t2
− b
2t
= 0, (B.5)
R0α =
1
2
(∇βbβα −∇αb) = 0 (B.6)
and also,
Rβα = −
1
4t2
δβα −
1
4t
(4P βα + 3b
β
α + bδ
β
α) = 0, (B.7)
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where tensor Pαβ is defined with respect to aαβ. But from the (00)-component of
the Einstein equations, we see that the system is unsolvable. Therefore, the form
(B.1) can not give any kind of solution of the Einstein equations in vacuum.
Nevertheless, in case of radiation, using relations (5.34)-(5.36), the Einstein
equations give,
R00 =
3
4t2
− b
2t
=
8πG
3
ρ(4u0
2 − 1), (B.8)
R0α =
1
2
(∇βbβα −∇αb) = 32πG3 ρuαu0, (B.9)
and,
Rβα = −
1
4t2
δβα −
1
4t
(4P βα + 3b
β
α + bδ
β
α) =
8πG
3
ρ(4uβuα − δβα). (B.10)
In view of the identity,
1 = uiu
i ≈ u02 − 1
t
aαβuαuβ, (B.11)
the system of the Einstein equations (B.8)-(B.10) becomes,
R00 =
3
4t2
− b
2t
= 8πGρ, (B.12)
R0α =
1
2
(∇βbβα −∇αb) = 32πG3 ρuα, (B.13)
and,
Rβα = −
1
4t2
δβα −
1
4t
(4P βα + 3b
β
α + bδ
β
α) = −
8πG
3
ρδβα. (B.14)
Then, the energy density ρ is found by (B.12), whereas for the velocities we have,
uα =
t2
2
(∇βbβα −∇αb) . (B.15)
Further, substituting ρ from Eq. (B.12) to Eq. (B.14), we find that the terms of
order t−2 cancel, while the terms of order t−1 give,
P βα +
3
4
bβα +
5
12
δβαb = 0. (B.16)
Taking into account the trace of (B.16) we find,
P + 2b = 0, (B.17)
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and then, using (B.16) and (B.17) we obtain,
bβα = −
4
3
P βα +
5
18
δβαP. (B.18)
Due to the identity (A.12), we find that,
∇βbβα =
7
9
∇αb. (B.19)
Using Eqns. (B.15) and (B.19), we obtain the final form for the velocities, which
is,
uα = −t
2
9
∇αb. (B.20)
Thus, all six functions aαβ remain arbitrary, while the coefficients bαβ are deter-
mined in terms of them. Additionally, the diffeomorphism transformations are not
four, but three, due to the fact that the choice of the time in the 3-metric (B.1) is
completely determined by the condition t = 0 at the singularity.
Hence, Eqns. (B.12), (B.18) and (B.20) give 10 relations in total between the
16 initial data aαβ , bαβ, ρ, uα. Taking into account the 3 diffeomorphism changes,
we are left with the number 3, which of course does not correspond to the general
solution of the theory (the general solution includes 8 arbitrary functions).
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